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Capitulo 1.

Introduccion

1.1. LATOMA DE DECISIONES EN EL PROYECTO HADA

La notable importancia que los ciudadanos actualmente conceden a los problemas
medioambientales aparece reflejada en las directivas de calidad medioambiental,
crecientemente exigentes, que son emitidas por la Unién Europeay transcritas por las
Administraciones de los Estados miembros a sus respectivas legislaciones. Por otra
parte, mas alla de las exigencias legales, los actores econémicos son ya conscientes
de que una parte importante de su imagen depende del interés que demuestren
en minimizar los posibles impactos negativos de sus actividades sobre el medio
ambiente.

En este contexto, el Ente PUbli€uertos del Estadtomé la iniciativa de
potenciar, en el contexto de los proyectos europeos LIFE-Medio Ambiente, el disefio
de unaHerramienta Automatica de Diagnéstico AmbientdlADA) que debera
permitir una gestion automatizada, en tiempo real, de los problemas medioambien-
tales que puedan derivarse de las operaciones que se desarrollan en los puertos
maritimos espafioles.

El @mbito de intervencién especificado en el proyecto HADA es muy amplio,
incluyendo, entre otros aspectos, el desarrollo y ordenacion del uso del territorio,
la gestion del agua, el control de los impactos de las actividades econdémicas y
la gestion de residuos, todo ello coordinado en el marco una politica de producto
integrado.

La gestién medioambiental de un sistema tan complejo como el de un puerto
maritimo exige una consideracion integrada de los problemas enfrentados, de sus
probables interrelaciones, de los factores de los que dependen los resultados de sus
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posibles soluciones, de la informacidn disponible y de la valoracién politica de sus
posibles consecuencias. Esto es posible en el marcotderia de la decisién

una construccion normativa que prescribéidca forma de tomar decisiones en
ambiente de incertidumbre compatible con un comportamiento racional.

Naturalmente, las decisiones deben ser tomadas haciendo uso de toda la
informacion relevante que resulte accesible, de forma que resulta crucial disponer de
un mecanismo que permita la actualizacion inmediata de la informacién disponible
en funcién de los datos que se van obteniendo.ni@®dos estadisticos bayesianos
constituyen lainica forma compatible con los principios de comportamiento ra-
cional de incorporar informacion experimental adicional a la informacion inicial-
mente disponible.

La teoria bayesiana de la decision proporciona una herramienta global, una
visién de conjunto, con la que abordarlquierproblema de eleccion en ambiente
de incertidumbre. Los métodos estadisticos bayesianos proporcionan la forma mas
general y mas potente de inferencia estadistica; permite utilizar la informacién
inicial proporcionada por expertos—si se dispone de ella—y utiliza la teoria de la
informacion para determinar distribuciones “noinformativas” que producen resul-
tadosobjetivos—resultados que s6lo dependen del modelo probabilistico asumido
y de los los datos experimentales obtenidos. Lamentablemente, sin embargo, tanto
la teoria de la decisién como la metodologia bayesiana de inferencia estadistica son
todavia relativamente poco conocidas fuera del ambito académico.

En este contextd?uertos del Estady la Universitat de Valénciirmaron en
Junio de 2004 un convenio de colaboracion para:

(i) elaborar un informe metodolégico divulgativo sobre el sistema bayesiano de
toma de decisiones, con especial atencién a los problemas de decision que se
plantean en el contexto del control ambiental de actividades portuarias, y

(ii) disefar para el Puerto de Tarragona—que acepto actuar como puerto piloto—
una estrategia de control ambiental, basada en la teoria de la decision y en
la metodologia estadistica bayesianas, que permita una gestién automatizada
del control ambiental de sus actividades.

Este documento contiene el informe metodolégico a que se refiere el primero
de estos apartados. Proporciona una introduccién elemental alateoria de la decisién
y a los métodos bayesianos de inferencia estadistica, y describe la forma en la que
la teoria de la decision y la metodologia estadistica bayesiana pueden ser utilizadas
para resolver algunos de los problemas de decision en ambiente de incertidumbre a
los que se enfrentan las Autoridades Portuarias.
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1.2. CONTENIDO DE ESTE DOCUMENTO

Este documento contiene tres capitulos, de los que el primero es esta introduccion,
seguidos de un largo apéndice.

El capitulo segundo es una introduccion elemental a los fundamentos metodo-
l6gicos de la teoria matematica de la decisién y de la inferencia estadistica bayesiana.
En particular, en la Seccion 2.1 se especifica la estructura formal de los problemas
de decision en ambiente de incertidumbre, y se describen brevemente los resultados
mas importantes de la teoria de la decision. En la Seccion 2.2 se introducen los
conceptos béasicos de divergencia intrinseca, de asociacién intrinseca y de cantidad
de informacion que puede esperarse de los resultados experimentales. En la Sec-
cion 2.3 se analizan las caracteristicas basicas de los métodos estadisticos baye-
sianos. Finalmente, en la Seccién 2.4 se ofrece una bibliografia comentada para
quienes deseen profundizar en los fundamentos o en las aplicaciones de los métodos
descritos.

En en capitulo tercero se describen, a titulo ilustrativo, algunos de los pro-
blemas de decision en el contexto de gestion medioambiental planteados en los
puertos integrados en el proyecto HADA poniendo de manifiesto la forma en la
gue la teoria de la decisién y la metodologia estadistica bayesiana podrian ser
utilizadas para hacerles frente, y especificando el tipo de informacién que deberia
ser recogida y estudiada para su andlisis racional. Se ha prestado especial atencion a
los problemas asociados al riesgo de contaminacién atmosférica que puede derivarse
de la manipulacion de graneles solidos pulverulentos. En particular, se consideran
problemas de decisién planteados por la descarga de haba de soja en el puerto
de Barcelona, y por el almacenamiento de carbén al aire libre en los puertos
de Santander y de Tarragona; se analiza el problema de determinar la posible
localizacion de estaciones de medida de particulas en la puerto de La Corufia, y se
estudia el posible impacto ambiental del puerto de Huelva sobre el paraje protegido
de las marismas del Odiel.

La memoria concluye con un largo apéndice. Se trata de una version, abre-
viada pero actualizada, del articlBayesian Statisticpreparado por el autor de
este informe para el volumen de Estadistic&d®S$ una enciclopedia cientifica
gue la UNESCO publicé en 2003. Este apéndice, redactado en inglés, constituye
una extension del material descrito en el Capitulo 2 que permite—a los lectores
que asi lo requieran—una introduccion mas detallada a los métodos estadisticos
bayesianos desde la perspectiva unificadora de la teoria de la decision.
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Capitulo 2.

Fundamentos
Metodoldgicos

2.1. TEORIA DE LA DECISI ON

Existe un problema de decision cuando debe elegirse entre dos o mas formas de
actuar. Aunque sociologos, historiadores y politicos han escrito a menudo sobre la
forma en que determinadas decisiones se toman o han sido tomadas, se ha escrito
relativamente poco sobre la forma en gieéberiartomarse. La teoria de la decisién
propone un determinado método de tomar decisiones y demuestra ademas que es
el inico método de decision compatible con unos pocos principios basicos sobre la
eleccion coherententre opciones alternativas en ambiente de incertidumbre.

Conjunto de alternativas Lo primero que hay que hacer ante un problema de
decision es considerdodaslas formas de actuacién posibles. No es necesario
distinguir entre una decisién y la accién a que da lugar. En efecto, si la accién no
llega a realizarse es porque algo lo ha impedido, dando lugar con ello a un nuevo
problema de decision. Generalmente, no resulta adecuado considerar inicamente
unadecisidny su negacién como segunda decision, formulando el problema con sélo
dos alternativas. No es correcto, por ejemplo, plantearse si realizar o no la descarga
de un buque granelero en determinadas condiciones climaticas. En efecto, ademas
de detener la descarga del buque existen otras alternativas (utilizar instalaciones
especificas, modificar el método de descarga, instalar pantallas protectoras,...) que
deben ser consideradas.
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Asi pues, el primer paso para resolver un problema de decision es elaborar
el conjuntoA de lasaccioness; que podrian ser llevadas a cabo. La construccion
del conjunto de accioned = {a;, i € I} requiere una atencion especial, porque
el procedimiento que va a ser descrito se limitar4 a elegir uno de sus elementos.
Formalmente, no es posible garantizar que se han incluidd tedas las posibili-
dades interesantes; un buen decisor debe tener la creatividad y el conocimiento
del tema suficientes para elaborar un conjunto de accextesistivoes decir que
agote todas las posibilidades que, con lainformacion disponible, pueda serrazonable
tomar en consideracion.

Es conveniente asimismo exigir que el conjunto de acciones esté formado
por un conjunto delternativas de forma que la eleccion de uno de los elementos
de A excluya la eleccion de cualquier otro. Este planteamientsupone pérdida
de generalidad. Por ejemplo, la lista de medidas que pueden tomarse para atenuar
la nube de particulas en suspensién producida por la descarga de un granel (tolvas
especiales, irrigacion,...) no es un conjunto de acciones adecuado, puesto que
pueden ponerse simultineamente en marcha varias de ellas, pero el conjunto de las
partes de tal lista (el conjunto de todos sus subconjuntos) resulta serlo. De forma
analoga, cualquier problema de decision puede plantearse como el de la elecciéon de
un elemento, y uno sélo, de un conjunto apropiado de alternativas.

El principio, el conjunte4 puede contener infinitas alternativas. Por ejemplo,
si debe decidirse cual es la presidon mas adecuada a la que debe mantenerse un tubo
de descarga, el conjunto de acciones alternativas es el de todos los niveles de presion
gue soporta el sistema. Sin embargo, en la mayor parte de las aplicadiases
un conjunto finito, bien por serlo realmente, bien porque, con objeto de simplificar
el problema, un conjunto de infinitas acciones alternativas es subdividido en un
namero finito de subconjuntos.

Sucesos inciertos relevante®eterminar la mejor de un conjunto de alternativas

es metodolégicamente inmediato si se dispone de informacion completa sobre las
consecuencias de cada una de ellas. El agente que debe reservar por anticipado
determinados recursos no tendria problema si conociese de antemano la demanda a
la que deberéa atender. El médico que debe decidir un tratamiento ante un caso de
alergia no dudaria si conociese de antemano con total exactitud las consecuencias
gue sufriria su paciente con cada uno de los tratamientos posibles. La dificultad
principal que aparece al plantear un problema de decision consiste en la falta de
informacion precisa sobre lo que sucedera segln se actlie de una u otra manera. El
problema general de decision se plantea asingbiente de incertidumbre

Existen situaciones en las que se tiene informacién completa y, sin embargo,
es dificil tomar la decisién correcta, pero en estos casos la dificultad es de tipo
técnico, no conceptual. Por ejemplo, a pesar de disponer de toda la informacion
disponible, es dificil determinar la composicion del pienso mas barato que cumple
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determinados requisitos de nutricién, pero se trata de un problema matematico bien
definido (encontrar el minimo condicionado de una funcién) sin que existan dudas
sobre etriterio de decisiémue debe adoptarse. En esta memoria no consideraremos
tales dificultades técnicas: supondremos que en presencia de informacion completa
siempre puede elegirse la mejor de un conjunto de acciones alternativas. Describi-
remos, en cambio, gdroceso logico de decisiven ambiente de incertidumbre,

esto es, einétodoa seguir para tomar decisiones cuandase dispone de toda la
informacion que seria relevante.

Puesto que la dificultad esencial en un problema de decision reside en los
elementos inciertos presentes en la situacion, es necesario considerar éstos con
cuidado e introducirlos en la teoria. Asi, para cada una de las posibles decigjones
habra que considerar el conjunto dedusesos inciertos relevantasrespondientes

0, = {GU, j S Ji}, a; € .A,

definido como el conjunto de aquellos suce$gsuya ocurrencia permite deter-

minar las eventualesonsecuencias;; = c(a;, 8;;) de optar por la accion,. Los

sucesos inciertos deben constituir un conjxicaustivale elementomutuamente
excluyentesde forma que si se toma la decisian uno (y solamente uno) de

los sucesod);; debe tener lugar. Como en el caso de las decisiones, siempre
puede conseguirse que los sucesos inciertos correspondientes a cada una de las
acciones alternativas sean mutuamente excluyentes, pero la exhaustividad no es
facil de garantizar. La construccion de conjuntos de sucesos inciertos que realmente
contemplen todas las eventualidades relevantes suele exigir un conocimiento impor-
tante del &rea de aplicacion.

Si el conjunto de sucesos inciertos correspondiente a la alternatsun
conjunto finito conn; elementos, entonces tal alternativgpuede ser formalmente
expresada como

ai ={cin |0, cin |0z, - ooy cij | Oigy oo Cimy | Oim; }

de forma quey; sedefinecomo la alternativa que da lugar a la consecuesgisai
sucedd);;, a la consecuencig, si sucedd;s, y asi sucesivamente. El caso mas
sencillo es elde las alternativas dicotémicas, de lafama{c; | 0, c;2 | 0°}, donde

6° representa el suceso complementario o negacié¢h de expresion general es
delaformas; = {ciy |0, 0 € ©,}, dondeO; es un espacio euclideo de dimension
apropiada.

Enelcaso en el que tanto el conjunto de alternativas como los correspondientes
conjuntos de sucesos inciertos sean finitos, el problema de decisién puede ser
esquematicamente descrito mediantéuool de decisidrcomo el de la Figura 1, en
el que el cuadrado representa un nodo de decision (donde debe elegirse una accion),
y el circulo un nodo aleatorio, cuyo resultado no controla el decisor. Para cada
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cij = c(aq, 0ij)

Figura 1. Arbol de decision cualitativo

accion posible;, la ocurrencia de un suceso incieftpda lugar a una determinada
consecuencia;; = c(a;, 6;;).

Naturalmente, la mayor parte de los problemas reales involucran una sucesion de
decisiones consecutivas, pero el analisis de tales probkessasncialepuede ser
reducido a un analisis repetido de estructuras simples como la descrita.

Solucidn intuitiva Aunque los sucesos que componen cada uno de los confiintos
son inciertos, en el sentido que no se sabe cudl de ellos tendra lugar, los distintos
sucesos posibles; no son (en general) igualmente verosimiles. Resulta intuitiva-
mente obvia la necesidad de incorporar en el andlisis la informacién de que se
disponga sobre la relativa verosimilitud de los sucesos inciertos relevantes, lo
gue puede conseguirse determinandomedida de probabilidadue la describa.
Por ejemplo, aunque no se disponga de informacion suficiente para determinar
con precision el contenido de particulas en suspension que se observara en los
alrededores del puerto como consecuencia de la descarga de un buque granelero,
la lectura de los datos climaticos relevantes (intensidad y direccién del viento,
humedad,...) y lamedida de las caracteristicas fisicas del granel descargado permiti-
ran determinar, haciendo uso de modelos adecuados, una distribucién de probabi-
lidad sobre el conjunto de sus valores posibles.

En el contexto de lateoria de la decisiorpiababilidaddel sucesoincierté;
cuando se toma la decisianen condicioneg’, representada por & ; | a;, C), s
unamedidasobre una escal@, 1) de la verosimilitud de la ocurrencia élg en esas
condiciones. Para una alternativacon un namero finiten; de sucesos relevantes

0 < Pr(oi]‘ |ai,C) < 1, Z Pr(@;j | a;, O) = 17
j=1

de forma que la unidad de probabilidadiéstribuyeentre losn; sucesos relevantes
de los que se sabe que uno (y solamente uno) debe tener lugar.
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Por otra parte, el decisor tendra determinadas preferencias entre las distintas
consecuenciasy es también intuitivamente obvio que tales preferencias deben formar
parte del andlisis. En principio, las preferencias del decisor pueden ser cuantificadas
asignando a cada una de las consecuengiaa nimera(c;;) que mida lautilidad
gue cada una de ellas tenga para el decisor. Puede utilizarse cualquier escala que
resulte conveniente, siempre gque se utilice la misma escala para valorar todas las
consecuencias posibles. Cualquiera que sea la escala ele@iga,= u(a;, 6;;)
debe medir laleseabilidacde la consecuencig; que se derivaria si se tomase la
decisiona; y sucediesd;;. Por ejemplo, podria asignarsele una utilidad a las
consecuencias de una descarga granelera que no exija precauciones especialesy que
no genere contaminacion alguna, una utilil@das consecuencias de una descarga
gue genere niveles intolerables de contaminacion en zonas habitadas, y valores
intermedios a las consecuencias de métodos de descarga que utilicen determinados
recursos para atenuar su efecto contaminante, dando lugar a niveles tolerables de
contaminacién atmosférica en zonas habitadas.

u(cij) = ulai, 0;5)

Pr(G;j | a;, O)

Figura2. Arbol de decisién cuantificado

Una vez especificadas IpgobabilidadesPr(6;; | a;, C) que describen la rela-
tiva verosimilitud de los sucesos inciertos en las condicidriea las que debe
tomarse una decision, y lagilidadesu(a;, ;;) que describen las preferencias del
decisor entre las posibles consecuencias, el problema de decision plantado tiene una
solucién inmediata. En efecto, introduciendo en el arbol de decisién las probabili-
dadesy las utilidades mencionadas (Figura 2) tendriamos una version cuantitativa del
problema de forma que la decisiénen las condicione§' daria lugar a una utilidad
u(ai, ;) con una probabilidad B¥;; | a;, C)). Consecuentemente, en el caso finito,
la utilidad mediade la decisiéru; en las condicione€§’, a la que llamaremos la
utilidad esperadalea;, vendra dada por,

'NL,L‘

(a; |C) =Y ulai, b;) Pr(6i; | a;, C),

J=1
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gue es simplemente la media de las utilidades que pueden alcanzarse si se toma la
decisiona;, ponderadacon las probabilidades de que se alcancen tales valores. La
accion 6ptima es aquella queaximiza la utilidad esperada

Alternativa, pero equivalentemente, las preferencias del decisor puede ser
descritas mediante urfancion de pérdidd(a;, 6;;) que mida, en unidades que
resulten adecuadas, la pérdida que sufriria el decisor si tomase la@cgtoniese
lugar el suceso inciert);;. En este caso, la pérdideediade la decision; en las
condicioneg’, a la que llamaremos |@érdida esperaddea;, vendra dada por,

lei

(a; | C) = " 1(a;, 0;;) Pr(B;; | a;, ©),
j=1

gue es simplemente la media ponderada de las pérdidas que pueden alcanzarse si se
toma la decisiém;. La accion éptima es entonces aquella queimiza la pérdida
esperada

El resultado méas importante de la teoria de la decisidn consiste en la demostracion
de que el procedimiento descrito, esto es:

(i) cuantificar la incertidumbre mediante probabilidades,
(ii) cuantificar las preferencias mediante utilidades,
(i) elegir aquella alternativa que maximice la utilidad esperada
(o minimice la pérdida esperada)
es, de hecho, elnico procedimiento de toma de decisiones compatible con unos
pocos principios, extremadamente intuitivos, de comportamiento racional.

Principios de coherencialateoria de la decision es unateoria normativa. Partiendo

de unosaxiomashasicos o principios de coherencia que definecamportamiento
racional, demuestra la existencia de udaica forma tomar decisiones (0, mas
precisamente, de ordenar las posibles alternativas) que es compatible con tales
principios. Formalmente, el objeto de la teoria de la decision es establecer las
preferencias entre las acciones alternativasngeesariamentse deducen de com-
paraciones mas sencillas realizadas entre los elementos basicos que forman parte
del problema de decision.

Es importante subrayar que los axiomas de comportamiento racional constitu-
yen el fundamento de una teoriarmativade la decisién, no de una teodascrip-
tiva. No se trata de describir la forma en la que las personas toman habitualmente
sus decisiones, sino de especificar la forma endgeriantomarlas, si realmente
pretenden evitar un comportamiento inconsistente.

La expresién formal de los principios de coherencia y las demostraciones
matematicas de los resultados a que dan lugar exceden ampliamente los limites de
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esta memoria, pero describiremos brevemente su contenido intuitivo. Los lectores
interesados en los detalles matematicos pueden consultarlos, por ejemplo, en el texto
de Bernardo & Smith (1994, Cap. 2).

@

(ii)

(iii)

(iv)

v)

Comparabilidad EIl primer axioma afirma que existen al menos dos conse-
cuencias* y ¢, que no son igualmente deseables, y que siempre es posible
elegir entre dos opciones dicotdmicés, | 61, c. | 05}y {c¢* | 6, ¢, | 65}, basa-

das en ellas. La primera condicion elimina los falsos problemas: si todas las
consecuencias fuesen igualmente deseables, no habria problema de decision
en un sentido real. La segunda afirma que si se aspira a una eleccién
racional entre opciones alternativas complicadas, entonces es necesario al
menos expresar preferencias entre las posibilidades mas sencillas (una forma
racional de decisién exige saber lo que se quiere).

Transitividad El segundo axioma afirma la transitividad de las preferencias:
se desea una teoria en la que;ses preferible a,, y as es preferible ay,
entonces:; debe ser necesariamente preferiblg.a

ConsistenciaEl tercer axioma afirma que las preferencias deben ser consis-
tentes con la verosimilitud de los sucesos. Formalmente, sila consectfencia
es preferible @, y la opcion{c* | 6, c. | 65} es preferible gc* | 05, c. | 65},
entonced); es juzgado por el decisor mas verosimil que

Sucesos estandar El cuarto axioma afirma que es posible construir un
conjunto de sucesos estandar con una medida verosimilitud conocida, y que
tal medida satisface las propiedades inherentes a una medida de probabilidad.
El ejemplo més sencillo es el proporcionado por la generacién en ordenador
de puntos aleatorios en el cuadrado unidad, de forma que la verosimilitud
asociada al suceso de que el punto se sitie en una determinada region del
cuadrado es precisamente igual a su area. Los sucesos estandar actian
como unidades de medida para poder definir formalmente probabilidades
y utilidades.

Medida precisaEl quinto y tltimo axioma afirma la posibilidad de medir, por
comparacion con opciones construidas con sucesos estandar, la deseabilidad
de cualquier consecuencia y la verosimilitud de cualquier suceso. Natural-
mente, este axioma introduce un cierto grado de (inocua) idealizacion mate-
matica, precisamente la misma que se utiliza en ingenieria al suponer que
las medidas obtenidas son nimeros reales, en lugar de nUmeros enteros en
la unidad de medida méas pequefia que permita apreciar el aparato de medida
utilizado.

Existen muchas variaciones de los axiomas de comportamiento racional, que

corresponden a distintos niveles de generalidad y a distintas formas de entender
el concepto de “intuitivamente obvio”, pero sus consecuencias matematicas son
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siempre equivalentes. De los principios de comportamiento racional pueden dedu-
cirse resultados muy potentes. En particular, se demuestra que:

1. Es posible cuantificar la informacién de que se dispone sobre la verosimi-
litud relativa de los sucesos inciertos relevantes (también llampai@snetros

o variables de interésmediante unanedida de probabilidaquna medida de
incertidumbre que satisface las leyes aditiva y multiplicativa que definen el concepto
matematico de probabilidad). En particular, pueden especificksgbuciones

de probabilidadque describen la verosimilitud relativa de los sucesos inciertos
relevantes, correspondientes a cada una de las alternativas. Cada una de estas
distribuciones de probabilidad se describe mediante el conjunto de probabilidades

{O < Pr(Qq;j |Cl1j,C) <1, ] S Ji}7 Z Pr(9ij | a;, C) =1,

jEJi
en el caso discreto, y mediante la densidad de probabilidad
p(8]a,C) >0, 6eo, / (8] i, C) db = 1,
O
en el caso continuo, de forma que la probabilidad defgeesitie entre los valores
a 'y b cuando se toma la decisianen las condicione§’ viene dada por

b
Pra <6< b]ai.C) = [ p(6]a:,C) b

2. Es posible cuantificar las preferencias entre todas las consecuencias descritas en
el problema mediante urfancion de utilidad

{u(aivei,j)a 1€ I,] € JZ}

en el caso discreto,
{u(a;,0),i€1,0 € ©;}

en el caso continuo, que asocia a cada consecuencia posible un nimero real que
mide su deseabilidad.

3. Ladeseabilidad de cada una de las acciones alternatjvas4, queda entonces
descrita por su utilidad esperadg; | C') que toma la forma

ﬂ(ai | C) = Zjel- u(a,;, 91]') Pr(@ij | a;, C),
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en el caso discreto y la forma
u(a; | C) = / u(a;, 0) p(0|a;, C)db
9;

en el caso continuo. Consecuentemente, la decisién 6ptima en las condCiones
es aquella decisiéa* (C) que maximiza la utilidad esperada en el conjunto de las
alternativas consideradas, esto es,

a*(C) = arg sup u(a; | C).
HiG.A

La metodologia descrita proporciona la solucién genecaladquierproble-
ma de decision en términos de la funcién de utilidad que describe las preferencias
del decisor y de las distribuciones de probabilidad que describen, para cada de
las acciones alternativas, la informacién disponible sobre los sucesos inciertos
relevantes. Larepresentacion probabilistica de esta informacion no es, sin embargo,
inmediata, y constituye la aportacion basica de los métodos estadisticos bayesianos
a la solucién de problemas de decision.

2.2. DISCREPANCIA E INFORMACI ON

El problema de prediccion sobre el valor que acabara tomando una magnitud
observable de interés ¢ X puede ser descrito como un problema de decision en
el que el espacio de alternativas es el conjunto

A:{pr(% pa(@) > 0, /mpz(w)dmzl}

de las distribuciones de probabilidad sobre la magnitud a predecir, y el espacio
de sucesos relevantes es el conjulitale los valores posibles de Para poder
resolver este problema de decisidn es necesario especificar la fur{gidn), «}
que describe la utilidad que hubiera tenido la distribucién predigti¢a si el valor
de la magnitud de interés hubiese siglo

Puede demostrarse (Savage, 1971; Bernardo, 1979a) que, bajo condiciones
eminentemente razonables, la utilidad que puede esperarse de una distribucién
predictiva{pi, ..., px} sobre el valor de una magnitud de interéson un nimero
finito de valores posible’ = {z1, ..., x;}, debe ser de la forma

U({pl,,pk},I]):AIOg[pj]+B, A>O7

dondep; = Pr(z = z;), esto es debe ser una funcion lineal del logaritmo de
la probabilidad asignada al verdadero valor. Consecuentemente, el incremento
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de utilidad que puede esperarse de una predicgign. .., p,} por encima de
la prediccion trivial {1/k,...,1/k} que da la misma probabilidad a todas las
posibilidades resulta ser

k

.
> [u({pl, comeh ) —u({1/k, ., 1/k},xj)] pj = A;pj log 17’/_jk :

i=j

lo que constituye una medida dedantidad de informaciomsobre el valor de la
variable aleatoria discretague contiene la predicciém;, . . ., pi. }, tomando como
origen la distribucion uniformél /&, ..., 1/k}.

En general, dado un vector aleatonioc X, la cantidad de informacion
sobrex contenida en una densidad de probabiligadtomando como origen otra
densidady,, se define como

pz(T)

O
una cantidad no-negativa e invariante ante transformaciones biyectizagadeo-
cida como ladivergencia logaritmica dirigida divergencia de Kullback-Leibler
gue separay, de p,. La teoria matematica de la informacién proporciona una
interpretacion operativa de la divergencia logaritmica en términos de las unidades
de informacién lfits si se utilizan logaritmos de base 2) necesarias para oligner
a partir deg,, cuandop, es la verdadera distribucion de Obsérvese queo se
trata de una funcion simétrica de forma que, en genkfal, | p. } # k{p. | ¢.}-

Una medida de discrepancia entre funciones es una funcion simétrica y no-
negativa, que se anula si, y sblamente si, las dos distribuciones son iguales casi por
todas partes. Ldiscrepancia intrinsecéBernardo y Rueda, 2002), es una medida
general de discrepancia entre distribuciones de probabilidad, que se define como el
minimo de sus dos posibles divergencias logaritmicas dirigidas:

6{pzra Qw} = min [k{p:v | Q1:}7 k{qar ‘px}} .

La funciondé{p., ¢.} es obviamentasimétricg y puede comprobarse que rs-
negativa y que se anula si, y solamente gj(x) = ¢,(z) casi por todas partes.
Se trata ademas de una funcdfitiva para variables aleatorias independientes, de

formaque sic = {y,,...,y,}, ypi(z) =1, ¢:(y,), entonces
o{p1, p2} = no{aq, @2}

La discrepancia intrinseca ewarianteante transformaciones biyectivas, de forma
quesiy = y(x) es unabiyecciony;(y) = pi(x)/|Jy|, dondeJy el Jacobiano de la
transformacion, se verifica quép;, p»} = 6{q1, ¢=}. Finalmente, la discrepancia
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Figura 3 Discrepancia intrinseca asociada a la aproximacion Poisson
a una distribucion binomial

intrinseca esté bien definida incluso en el caso—muy frecuente en las aplicaciones—
en el que las dos distribuciones tiene soportes estrictamente anidados, de forma que
si X; C X; (estrictamente) entoncé$p;, p;} = é{p;, pi} = k{p; | pi}-

Esta ultima propiedad permite estudiar aproximaciones definidas sobre dis-
tintos soportes. Por ejemplo, la Figura 3 representa en funciofy, gepara
distintos valores de, la discrepancia intrinsec&n, 8} entre una distribucion
binomial Bi(z | 8, n) y una Poisson Rix | nf); la observacion del comportamiento
ded{n, 0} pone inmediatamente de manifiesto que, cualquiera que sea el valor de
la condicién necesaria y suficiente para que la aproximacion funcione bien és que
sea pequenfio.

Siz € X es un vector aleatorio del que se sabe que su funcion de densidad de
probabilidad e (x) 0 p2(x), entonces la discrepancia intrinseda, , p»} es el
minimo valor esperado del logaritmo del cociente de densidaggs(x)/p;(x)]
en favor de la densidad verdadera. El particulap;$k) y p2(z) son modelos
alternativos para un conjunto de datos= Z, y se supone que uno de los dos
modelos es cierto, entoncé$p;, p»} es el minimo valor esperado del logaritmo
del cociente de verosimilitudes en favor del modelo verdadero; esta propiedad es
importante para el uso de la discrepancia intrinseca en el contexto de los problemas
de contraste de hipétesis.

La discrepancia intrinseca permite definir un tipo de convergencia entre
distribuciones de probabilidad especialmente (til en estadistica matematica, la
convergencia intrinsecaSe dice que una sucesion de densidades de probabilidad
(funciones de probabilidad en el caso discrei@)}°, converge intrinsecamente
a una densidad (funcion de probabilidadjuando la sucesidn (de nimeros reales
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positivos)d{p;, p}:2, converge a cero; formalmente,
lim p; = p <= lim 6{p;,p} = 0.
int 1—00

Puede apreciarse que la discrepancia intrinsgeg, p.p, } entre la densidad
conjuntap,, y el productop,p, de sus densidades marginales proporciona una
medida general delivel de asociacioentre dos vectores aleatoriose y, que se
anula cuande ey sonindependientesy tiende a infinito cuando ladependenciaentre
x e y tiende a una relacion funciona), = f(x). Obviamente, cualquier funcién
biyectiva de la discrepancia intrinseda,, , p.p, } €s asimismo una medida general
de la dependencia entiee y.

El coeficiente de asociacion intrinseadp,,) entre dos vectores aleatorios,
xz € X,y € ), condensidad de probabilidad conjuptg, definido por

Ol(p:r,y) =1- eXP(2 5{p;ny7pa:py})v

es unamedida general, en la es¢@la] del grado de dependencia entre dos vectores
aleatoriosr e y. Six ey son independientes, entonee®,,) = 0; si existe una
dependencia funciongl = f(x), entoncesy(p,,) = 1.

Si §{psy, p2py} = log[10*], entoncesy(p,,) = 1 — 10°*. En particular, si
d = log[10], de forma que la densidad de probabilidad conjwiia y) es, en valor
medio, del orden dé0 veces mayor que el producto de las marginalesp(y),
entoncesy(p,,) ~ 1 — 10 = 0.99.

Si la distribucién conjunta de dos variables aleatosiasy es normal bi-
variante, su coeficiente de asociacién intrinseca coincide con el coeficiente de
determinaciorp®. En efecto, si la distribucion conjunta de,y) es la normal
bivariante

2
x H1 01 po102
z, , M2, 01,09,p) =N ) )
p( y|‘u1 H2,01,02 ,0) 2{(y>‘<ﬂ2> <PO’10'2 U% >}}

la discrepancia intrinseca engrér, y | p1, po, 01, 09, p) Yy €l producto

p(x)ply) = N(z | p,01) N(y | p2, 02)
de sus distribuciones marginales solamente depengdeydesulta ser
8, p2, 01,09, p) = 8(p) = —§ log(1 — p*);
Consecuentemente( i, pa, o1, 02, p) = 1 — exp[—248(p)] = p>.

El frecuente (ab)uso del coeficiente de determinacion como si se tratase
una medida de asociacion general entre dos variables aleatorias—cuando solo es
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una medida de asociacion apropiada bajo la (muy restrictiva) hipétesis de que su
distribucién conjunta sea normal bivariante—subraya la importancia de disponer de
una medida general de asociacion.

Six ey son vectores aleatorios continuas y su distribucidn conjunta es regular
k{pzy | pzpy} €S siempre menor que(p.p, | p.,} Y, por lo tanto,

{Day, P2py} = min{k{p.py | Doy}, k{Day | o0y }} = k{P2Dy | P2y},

_ Pay(T, y)
a(pyy) =1 —exp {2/}(3} Pay(, y) log 2e(@) Py ) dxdy|.
El coeficiente de asociacion intrinseca entre dos vectores aleaiogag
es una funcion matematica de su densidad de probabilidad comjlntg). Si
solamente se dispone de una muestra aleatosia{ (z;,y;),7 = 1,...,n} den
pares de valores de tal distribucion, su coeficiente de asociacion intrinseca puede
serestimadgor el método de Monte Carlo, de forma que

~ pzy :Eﬂyz)
a(pzy) =1 —exp log
2 [ ; Pa(@i) by(y) |

dondep,,, p. Y p, son estimaciones de las correspondientes densidades obtenidas
a partir de los datog. En el caso continuo, y en ausencia de informacion sobre
la posible estructura de la relacion entree y, pueden utilizarse métodos no-
paramétricos de estimacion de densidades évgr,Scott, 1992, Ch. 6).

10 :
y .
2. 2 .:':'"
8t ﬁ.’ Yi = (Xj ) +€j "’1.
e €j ~N(gj 10,1/2) .00
- .. . . ..
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Figura4 Conjunto de850 observaciones aleatorias simuladas a partir
de Ny |z% 1)Un(z| — 3,3). Coeficiente de asociacion intrinseca
&(z) = 0.986; coeficiente de determinacién = 0.001
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En la Figura 4 se reproduce un conjunto de 350 pares de valores simulados
a partir de la distribuciéom(z,y) = N(y|x? 1)Un[z,—3,3], que obviamente
muestran un importante grado de dependencia, situdndose alrededor de la funcién
y = z%. El verdadero valor de su coeficiente de asociacion intrinseca (obtenido
por integracion numérica) es(p,,) = 0.986, y un estimador por Monte Carlo
(basado en una estimacion no-paramétrica de las densidades y p,) resultd

sera(z) = 0.972. Sin embargo, el coeficiente de determinacién muestral es

ﬁz(z) :T'Q _ (Z:L:l(xl _f)(yi _y))Q
(@i =7 (v — )
perfectamente inGtil para detectar la importante dependencia entre las dos variables
aleatorias.

S =0.001,

La discrepancia intrinseca entre dasjuntosde distribuciones de probabi-
lidad se define como la discrepancia intrinsedaimaentre elementos de ambos
conjuntos. En particular, la discrepancia intrins&c#t;, Ms) entre dos familias
de modelos probabilisticos paramétricos definidos patat’,

Mi={p(x]0),0 € 0}, My={q(z|e),¢c @},
viene dada por

SHMLMo} = inf 6{pi(.10).0:(| 6)}.

lo que encuentra aplicaciones inmediatas en la formalizacion de los problemas
convencionales destimacion puntugl decontraste de hipotes{Bernardoy Rueda,
2002; Bernardo y Juéarez, 2003).

El concepto de discrepancia intrinseca permite una definicion general de la
cantidad de informacién que puede esperarse de un experimento en funcion de la
distribucion inicial sobre sus parametros.

Si el experimento consiste en la obtencidn de un conjunto de dataga
densidad de probabilidad es un elemento de la familia

M={p(2]0),z€ 2,0 € O},

y la distribucion inicial def esp(8), la cantidad de informacion intrinseca que
puede esperarse que proporcionen los datsbre el valor dé es la discrepancia
intrinseca{p., } entre su densidad conjunta y el producto de sus densidades margi-
nales de forma que

Hpo | M} = 5{p(2,0), p(2)p(0)}.
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Bajo condiciones de regularidatfp(z, 0), p(z)p(0)} = k{p(z,0)|p(2z)p(0)};
en este caso, resulta

- 2012 o
I | M) = [ 02) [, p(0]2) 108275 a0

y lainformacion esperada intrinseca se reduce a lainformacion esperada de Shannon.

La definicién de informacién esperada de un experimento como funcién de
la distribucion inicial es crucial en la formulacion de las distribuciones iniciales de
referencia (Bernardo, 1979b, 2003, 2005), que constituyen la base de los métodos
bayesianos objetivos.

2.3. METODOS ESTADISTICOS BAYESIANOS

SeaO el conjunto de sucesos relevantes en el andlisis de una determinada alterna-
tiva en un problema de decision, de forma gue O es la variable o parametro de
interés. En el caso discreto, este conjunto sera de la férma{6;,6,,...}, y en

el caso continu® C R* seré un subconjunto de un espacio euclideo de dimensién
finita k. SeaD un conjunto dedatos observadogjue presumiblemente aportan
informacion relevante sobre el verdadero (y desconocido) valr yiseanH las
condiciones anteriores a la observacion de los datos

Los resultados descritos arriba demuestragxiatenciade unadistribuciéon
de probabilidad inicial

{Pr(0, | H),Pr(6, | H), ...}, Zj Pr(6; | H) =1,

en el caso discreto, y

(p(0] H),0 € O}, /@p(G\H)M:L

en el caso continuo que describe la informacion de que se dispone sobre el valor
ded en las condicione#&l anteriores a la observacion de los datbhsSuponiendo
que tal distribucion ya ha sido determinada, se pretende encondiistrlaucién de
probabilidad finaJ

{Pr(0, | H,D),Pr(6,| H, D),...},

en el caso discreto, y
{p(6|H,D), 0¢c06}

en el caso continuo, que describe la informacion disponible sobre el valardel
momento de tomar la decision, esto es, en las condiciénes(H, D) en las que
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se dispone tanto de la informacién inicidlcomo de la informacién proporcionada
por los nuevos datoB.

El estudio estadistico de un conjudbaledatos observadosjue presumible-
mente aportan informacién relevante sobre el verdadero (y desconocido) véjor de
suele empezar con un analisis descriptivo de su comportamiento, lo que permite
sugerir unmodelo probabilisticdormal, {p(D|0,0 € ©}, que describe (para
el verdadero valor d€) el mecanismo probabilistico que ha generado los datos
observado®.

El teorema de Baye@gue da el nombre a los métodos bayesianos), permite
obtener la distribucion final buscada en términos de la distribucién inicial y del
modelo probabilistico. Especificamente,

o (D]6)P6, | H) |
PO D) =~ bl apre, ) €

en el caso discreto, y

~ pD]o)p0|H)
p(e‘H’D)_f@p(D\Q)p(9|H)d9, 0 e 0o,

en el caso continuo.

Ejemplo 1: Control de contaminaciérPara verificar la posible contaminacién por

un agente quimico de determinados productos horticolas se dispone de un test del
gue se ha determinado en laboratorio que indica un resultado positivo en el 99%
de los productos contaminados que se prueban (positivos correctos) y en el 2% de
los no contaminados (falsos positivos). Si denotamodpet suceso de que un
producto esté contaminado y pirel suceso complementario de que no lo esté, la
probabilidad final R®, | H, +) de que urdeterminadgroducto este contaminado
cuando el test ha dado positivo es

p(+[61)Pr(6: | H)
p(+101)Pr(0L | H) + p(+[02)Pr(0: | H)

0.99p
= ’ =Pr6, | H
0.99p 1+ 0.021—p) P (01| H),

Pr6, |H,+) =

en funcién de la proporcigmde productos contaminados entre los que forman parte
del estudio. La Figura 5 muestra(Pr| H, +) en funcién dev = Pr(6, | H).

Como podria esperarse, la probabilidad final es igual a cero si (y solamente si)
la probabilidad inicial es igual a cero, (de forma ceesabejue no hay ningun
producto contaminado), y es igual a uno si (y solamente si) la probabilidad inicial
es igual a uno, (de forma gue sabeajue todos los productos estan contaminados).
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Figura5. Probabilidad final de contaminacion

Si un 50% de los productos estan contaminados, de forma qég| Pf) = 0.5,
entonces RP; | H,+) = 0.980 de forma que el 98% de los productos que den
lugar a un test positivo estardn realmente contaminados. Obsérvese, sin embargo,
que si la proporcion Pé, | H) de productos contaminados entre los que son objeto

de estudio es pequefia, entonces la probabilidad de que un producto escogido al
azar esté contaminado sera relativamente peqirefiasocuando el test haya dado
positivo. Por ejemplo, si P, | H) = 0.005, de forma que que soélo el 0.5% estan
contaminados, resulta @ | H,+) = 0.199, con lo que solamente el 19.9% de

los productos que den lugar a un test positivo estaran realmente contaminados: la
mayor parte de los resultados positivos séedsnspositivos.

Distribuciones iniciales de referenciakl teorema de Bayes permite la incorpora-
cion la informacién adicional sobre la variable de intet¢goporcionada por un
conjunto de datos adicionalés en funcién del modelo que describe el comporta-
miento probabilistico de los datos, y de la distribucién iniciad d€in embargo, en
muchos problemas no se dispone de informacion inicial gbbesa informacion no

es facilmente objetivable y se quieren obtener conclusiones exclusivamente basadas
en los datos observadds En tales casos, es necesario especificadigtabucion
inicial de referenciar(6) que describa matematicamente la hipétesis denguse
dispone de informacion inicial sobre el valor de la cantidad de interéedrta de

la informaciénpermite resolver este importante problema. En el caso particular en
gued solo pueda tomar un namero finite de valores la solucién es, como cabia
esperar, la distribucién uniforme,

m(0;)=1/m, i=1,...,m.
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Cuandof es una variable continua unidimensional y el modelo probabilistico
suficientemente regular, la distribucion de referencia viene dada por la férmula
de Jeffreys,

2

7(6) = VilO). i(6) =~ [ p(D10) g lowp(D|6)dD.

Paraunaintroduccion elemental ala metodologia bayesiana objetiva, pueden consul-
tarse Bernardo (2003) y Bernardo (2005). Para problemas mas complicados ver,
por ejemplo, Bernardo & Smith (1994, Cap. 5).

Ejemplo 2: Proporcion de ciudadanos afectadoBara determinar la proporcion

de ciudadanos afectados por un episodio de contaminacion atmosférica en un area
determinada se analiza el estado de un conjunto dadadanos residentes en ese
area, aleatoriamente elegidos, y se encuentra deellos han resultado afectados.

Los datos observadds consisten pues en un conjuntordebservaciones Bernoulli

con parametrd, la proporcioén de personas afectadas, de forma que

rio.m = (M)ora o
La formula de Jeffreys proporciona en este caso la distribucion inicial de referencia
7(0) =071 —6)"V/2,
y utilizando el teorema de Bayes, la distribucion final de referencia, que describe

la informacién sobré obtenida exclusivamente a partir de los datos observados,
resulta ser

Oy = 2100 7O)

p(r|6,n)(0)do
I'n+1) 1 S

= 9" /2 1—@)yvr 1/2
L(r+HC(n—r+1) ( )

=Be(d|r+in—r+3).

dondel'(.) es la funcion gamma, y Bé | a, b) denota una funcién beta de densidad
de probabilidad con pardmetrasy b. La distribucion final de referencia es pues
una distribucion beta con parametros- 1 y n — r + 1, cuya media y desviacion
tipica son, respectivamente,

E[0|r,n] = ;:5 D[0|r,n] = \/E[0|T,n](nl;2E[9|T,n]) .
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Figura 6. Distribuciones finales de la proporcion de infectados

Si, por ejemplo, se observan= 20 personas afectadas en una muestra ge100
residentes, la distribucion final de referencia e$9Be0.5, 80.5), representada en
el panel superior de Figura 4. Consecuentemente, la medig s & = 0.203,

y la desviacion tipica [B | r,n] = 0.040; por tanto, la proporciéf de afectados
debe situarse alrededor dil.3 + 4.0%. Ademas, puede afirmarse, por ejemplo,
que la proporcion de afectados se sitlia entig €Rb6 y el 28.6% con probabilidad
0.95 (4rea sombreada en la figura).

De forma anéloga, si no se observasgunapersona afectada (de forma que: 0)

en una muestra del mismo tamaio£ 100), la distribucion final de referencia seria
Be(60.5,100.5), representada (en una escala muy distinta) en el panel inferior de
la Figura 6. En particul:’;\rfoo'o1 Be(6]0.5,100.5) df = 0.844 y, por lo tanto, la

probabilidad de qué fuese menor del 1% selia844 (4rea sombreada en la figura).
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Parametros marginales En es desarrollo anterior, se ha supuesto que el modelo
gue describe el comportamiento probabilistico de los datdependia Gnicamente

del parametro de interés En general, sin embargo, el modelo probabilistico

es de la forma(D |0,w), que depende dé y de unparametro marginaly €

Q (posiblemente multivariante). La solucién en el caso general no presenta sin
embargo nuevas dificultades metodoldgicas: basta hacer uso de la teoria de la
probabilidad.

Como en el caso sencillo, hay que empezar por determinar la distribucién
de probabilidad que describe la informacion de que inicialmente se dispone sobre
todaslas variables desconocidas, ahora el conjyrtav} (o la correspondiente
distribucion inicial de referencia si no se dispone de informacién inicial), y que sera
unamatrizde probabilidades

{0 <Prld;,wr | H) <1, 0; €0,w;ec},
de suma total unidad, en el caso discreto, y una funcion de densidad de probabilidad

multivariante
p(,w|H) >0, 0€O,weQ,

de integral unidad, en el caso continuo.

El teorema de Bayes permitird entonces obtener la correspondiente distribu-
cién finalconjunta que sera de la forma

{OSPr(Hj,wk|H,D)§1, Gje@,wkeQ}
en el caso discreto, y de la forma
p(l,w, |H,D) >0, 0#€BO,we

en el caso continuo. A partir de esta distribucion final conjunta la distribucion
marginal de la magnitud de interés,

{0<PrY;|H,D)<1, 60}, Zﬁ‘ Pr(0; | H,D) =1
J
en el caso discreto, y
p(0|H,D) >0, 0€© /p(6|H,D)d9:1
)

en el caso continuo, se obtiene inmediatamente sumando (en el caso discreto) o
integrando (en el caso continuo) con respecto a los parametros marginales.
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Por ejemplo, en el caso continuo sin informacion inicial, la distribucion final
conjunta de referencia sera
p(D|6,w)m(0,w)

TG,UJD: ) 06@7(‘)69’
(01D Jo Jop(D]6,w)7(6,w) dfdw

y la correspondiente distribucién final del parametro de intésssa
(0] D) = / #(0,0| D) duw.
Q

Las integrales necesarias sélo son analiticas en casos sencillos. Sin embargo, los
métodos de integracibn numeérica mediante cadenas markovianas de Monte Carlo
(métodos MCMC) permiten obtener soluciones concretas en aplicaciones con miles
de parametros. El articulo de Gelfand y Smith (1990) y los libros de Gedtnain

(1995) y Gilkset al. (1996) constituyen una buena introduccién a esta metodologia.

Ejemplo 3: Densidad de particulas en suspensiBara determinar la concentracion
mediad (enpg/m?) de particulas en suspension en el area portuaria en un determi-
nado momento, se dispone de las medilas {x,...,z,} proporcionadas pot
captadores apropiadamente situados. Bajo condiciones razonablemente generales,
puede suponerse que tales observaciones constituyen una muestra aleatoria de
tamafion de una distribucion normal de media desconoddal parametro de
interés), y desviacion tipica desconocidéun parametro marginal). Consecuente-
mente, el modelo probabilistico es de lafomi@ [ 0,0) = [[;N(z; [0, 0). Puede
demostrase (ver, por ejemplo, Bernardo & Smith, 1994, p. 328), que la distribucién
inicial de referencia correspondiente (que describe matematicamente una situacion
en la que no se dispone de informacion inicial relevante}@so) = o1, y

que la correspondiente distribucion final marginal de la variable de iMiezéda
distribucion de Student

m(0| D) =n(0|T,s,n) =SKO|Z, ,n—1),

S
vn—1
con mediaz = n~' )", x;, pardmetro de escala — 1)"*/>s y n — 1 grados de
libertad, dondes = n~' )_ . (z; — 7)* es la desviacion tipica muestral.

En particular,si se dispone de= 4 medidores, que dan los valorg¥), 39, 52, 48},

(con mediaz = 42.45, y desviacion tipica = 8.50), la distribucién final ded,
representada en la Figura 7, e§63$t12.25,4.91, 3), de forma que puede afirmarse

que la concentracién media de partic#las sitia alrededor d&.25+4.91 ug/m?.
Ademas, como puede comprobarse por integracion directa (o utilizando las tablas de
la funcion de distribucion Student para la variable tipificade: — 1)(0 — ) /s),

57.86
/ St(042.25,4.91, 3)df = 0.95,
26.64
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Figura 7. Distribucion final de la concentracion media

de forma que, dados los resultados observados (y haciendo uso Unicamente de esa
informacién) la probabilidad de quese sitlie entre6.64 y 57.86 ugr/m? €s0.95
(area sombreada en la figura).

Prediccion Ennumerosas ocasiones, las consecuencias de un problema de decision
no dependen de valores paramétricos (no observables) sino del valor de observa-
ciones futuras. Por ejemplo, las consecuencias de una determinada forma de
descarga de un buque granelero pueden depender del tiegueaesulte necesario

para descargarlo y, consecuentemente, debera obtenerse una distribucién de proba-
bilidad p(z | z1,. .., x,) que permitgoredecirel valor dex dada la informacion
proporcionada por un conjunt® = {z1,...,x,} de observaciones anteriores
realizadas en condiciones comparables.

En general, dado un conjunto de observaciobes- {z,...,z,}, Cuyo
comportamiento probabilistico se supone que viene descrito por un determinado
modelo probabilisticdp(D |0),6 € O}, y dada una funcién de interés arbitraria
y = y(Tpt1, - - -, Tnim) dem observaciones futuras del mismo tipo, el problema es
predecir el valor deg/ con la informacion proporcionada pér. Formalmente, el
problema es es de encontradlatribucion predictivay(y | z1, . . ., ) que describe
la informacién de que se dispone para predecir el valoy da base a los datos
D ={xy,...,z,}y al modelo supuesto.

Si, como en el ejemplo mencionado, las observaciopgsnintercambiables
(condicionalmente independientes), de forma que las observaciones constituyen
una muestra aleatoria de un modéjdx | 0),0 € ©}, y la funcion a estimar es
simplemente una nueva observacigrentonces el problema planteado tiene una
solucién sencilla. En efecto, en virtud del teorema de la probabilidad total,

plelay,. ) = p(x|6) PO |z, x)
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en el caso discreto, y
plx|xr, ..., x,) = /p(x\9)p(9|x1,...,x,,,)d9,
e

en el caso continuo, donde(Pr| z1, ..., x,) yp(8|z1,...,z,) sonlas dos formas
posibles de la distribucidn final de cuya obtencién ya ha sido descrita.

En los problemas de prediccion es frecuente contar con la informacién pro-
porcionada por covariables relevantes que permiten obtener predicciones mas preci-
sas. En estos casos, los datos estan constituidos por una coleccion db pares
{(x1,9,),. .. (xn,y,)} (donde tanto lag; como lagy; pueden ser multivariantes).
Dada una nueva observacion, de la que se conocen los valores de las covargbles
trata de predecir el valor correspondientaydgtilizando la informacién proporcio-
nada por los dato®. Formalmente, se trata de determinar la distribucién predictiva
p(y|x, D). EIl primer paso es establecer un modéidy | x,0),0 € ©} que
precise la relacion probabilistica entre las covariableg la variable objeto de
estudioy.

El modelo mas sencillo postula una relacion lineal de una variable unidimen-
sionaly y un vectorx dek covariables del tipo

p(y | Z, 0) = N(y | :Bte,a),

pero es facil proponer ejemplos que requieren modelos mucho mas complejos.

En el caso lineal con estructura de errores normal, la distribucion inicial de
referenciaes(0,0) = o', y ladistribucién predictiva resulta ser una distribucion
de Student com — k grados de libertad, dondees la dimension dé, truncada y
renormalizada al conjunto de valores admisibleg.déspecificamente, si los datos

consisten en el conjuntdy;, =;),i = 1, ..., n}, la distribucién predictiva del valor
dey que corresponde a un nuevo vectgrdados el vectoy = {y,...,y}' yla
matriz X de tamafio: x k cuyas filas son los vectores = {z;1,...,z;.}, €S
~ nf
Pyl y, X) =Sty|z0, 54/ ——, n—k)

6= (X'X)"'X'y, f=1+z(X'X) 'z

conns? =" (y; — x;0) (y; — .0).

Si s6lo se considera una covariable y se incluye un término independiente, de
forma quek = 2, p(y|z,0,0) = N(y |61 + Osz,0),y x; = (1,2;), las férmulas
anteriores se reducen a

by |y, X) = S| + b,y T n—9)



32 José-Miguel Bernardo

dondens® = 3, (y;—61 —fa;)?, y, con una notacién convencionaly = 3, z;,
nY =30 Y nsey = 2w —T)(yi — ), yns; = 3, (v — 7).

Ejemplo 6: Contaminacion en funcién del vientBupongamos que en una ciudad

portuaria se desean predecir los niveles de contaminacion atmosférica en funcién

de la intensidad del viento.

X 37 05 01 10 03 26 39 46 24 08 01 30

y 1062 188 78 280 163 708 1122 1216 524 347 79 694
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Figura8. Concentracion de particulas en funcion del viento
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Los datosD disponibles sobre la cantidad de particulas en suspensién en el punto
de la ciudad mas cercano a su puenfg én ug/m?), y la velocidad del viento
procedente de la zona de descarga del pugrfan(Gdulo de la velocidad en m/s por

el coseno del angulo de separacién), en un total ée 12 episodios de descarga
granelera son los reproducidos y representados en la Figura 6.

Utilizando la metodologia antes descrita, puede determinarse la distribucion predic-
tiva de la cantidad de particulas en suspension correspondmrataiervelocidad

del viento. En el panel superior de la Figura 8 se han sobreimpuestotiade
regresion y = 0, + 6z, y las lineas (ligeramente divergentes) correspondientes

a los intervalos predictivos con contenido probabilisticly. En el panel inferior

de la Figura 8 se representan las distribuciones predictivas correspondientes a
0,1,2,3,4,y 5 m/s. La distribucién correspondiente al caso en que no hay nada

de viento procedente del puerto £ 0, con lo que se mide en nivel subyacente de
particulas en suspension debido a otras causas) merece especial atencion. Se trata
de una distribucién Student truncada y renormalizada a valores no-negativos, con
parametro de localizaci@spg/m?, pardmetro de escaf&ug/m?, y con18 grados

de libertad; la probabilidad de que en ese caso se superégén(un nivel
generalmente considerado medio-alto) es en ese caso 0.69 (area sombreada bajo la
curva correspondiente).

Un conjunto de problemas de prediccidn especialmente interesantes son los
planteados por conjuntos de datos temporales, en los que se trata de predecir un
valor futuroy, ., de una serie temporal, conocidos sus UltimogaloresD =
{y1,-..,yn}. En este caso las observaciongs/a no son intercambiables y la
determinacién de la correspondiente distribucion predigtiva., « | vi, - . ., yn) €S
bastante mas compleja. La descripcion técnica de este tipo de problearadisis
bayesiano de series temporalescede ampliamente los limites de esta sencilla
introduccion. El lector interesado puede consultar la excelente monografia de West
& Harrison (1989).
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Capitulo 3.

Algunos Problemas

Medioambientales
Portuarios

En este capitulo se indica, muy sucintamente, la formulacion bayesiana
de algunos de los problemas de decision planteados por las autoridades de los
puertos que forman parte de este proyecto. Como el lector podra comprobar, la
solucion efectiva de cualquiera de ellos exige consagrarles tiempo y recursos de
cierta envergadura, por lo que su ejecucién probablemente requerird un proyecto
especifico en cada caso.

3.1. RED DE CONTROL AMBIENTAL EN A CORU NA

Por su ubicacién en el corazén de la ciudad (Figura 9), lacargay descarga en el puerto
de La Corufia, especialmente en los muelles del Centenario y San Diego producen
nubes de carbén y de soja que, en determinadas condiciones meteorolégicas pueden
desplazarse hacia la ciudad. Como consecuencia, las autoridades portuarias, con
el apoyo técnico de la Universidad de Santiago de Compostela, tienen previsto
establecer unared prediccion de inmision de particulas que permita alertar sobre las
condiciones en las que podrian generarse niveles de contaminacion que superen los
limites establecidos por la legislacién vigente. Esto plantea el problema de decidir
el nimero y la posible localizacion de las estaciones de medida de particulas en
suspension de las que debera depender el proceso de alerta.
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Figura 9. Estructura del puerto interior de A Corufa.

Formalmente, se trata de un problema de decision cuyo espacio de alternativas
es de la formad = {a;, i € N}, dondea; = a;(c;, 3;) €s la alternativa,;, =
{(a4j, Bij), =1,...,4} que consiste en instalar un totalidestaciones de medida,
y situarlas precisamente en las coordenddas 5;1), - . ., («;, 8;;) de una deter-
minada malla topografica de la zona.
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El objetivo declarado de la red de control es el de prever las consecuencias de
una posible operacion de carga o descarga con tiempo suficiente como para emitir una
alerta que permita suspenderla preventivamente para evitar niveles de contaminacién
que violarian la legislacion en vigor. Consecuentemente, la magnitud de interés es
precisamente la probabilidad

ei(aialgi) = PI’(A ‘ Qi CvB)

de que, en las condicionésen las que una operacion rutinaria de carga o descarga
generaria niveles de contaminacion inaceptables, se hubiese disparado una alarma
con tiempo suficiente (sucest), si se hubiese dispuestanedidores situados en
los lugares &, 3,), y de una base de datos locales

Ignorando de momento el coste de instalacion, la funcion de utilidad sera de
tipo cero-uno, con el valor uno si la probabilidad de producir una alarma necesaria
es suficientemente alta y cero en caso contrario. Formalmente,

1, 07;2176
u(ai,@;){o 0, <1—¢’

dondee > 0 es el margen de error (la probabilidad de no prever un episodio de
contaminacién de niveles intolerables) que el decisor esta dispuesto a asumir.

La combinacién de un estudio de dispersion de particulas en funcion de las
variables meteoroldgicas relevantes, como el realizado por el Grupo de Fisica No
Lineal de la Universidad de Santiago, con un modelo de prediccion meteorologica a
corto plazo basado en un banco de datos lodalapropiado permitiria determinar
las distribuciones de probabilidad¥; | a;, B) de las magnitudes de interés Para
cada posible alternativa, la utilidad esperada seréa

(B = [ o0 s(e.8).B) 0,

y lalocalizacion éptima deestaciones medidoras sera aquella localiza@ign3;)
gue maximice la utilidad esperada

ula;(a, B;)]

entre todas las localizaciones posibles. Como el coste de instalacion es una funcion
creciente del nimero de estaciones medidoras instaladas, el nUmero apibpiado
de estaciones a instalar sera el del nimero minimo de estaciones que, 6ptimamente
distribuidas, garantizarian una utilidad esperada suficiente, esto es

i* = argmin{i; ula;(og,B7)] > 1 — €}
ieN o
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3.2. DESCARGA DE SOJA EN BARCELONA

La presencia en el puerto de Barcelona de una instalacion de descarga de soja en
una localizacién muy préxima a la ciudad (sefialada con un circulo en la Figura 10)
genera la posibilidad, en determinadas condiciones meteoroldgicas, de un tipo de
contaminacion atmosférica que puede dar lugar a importantes reacciones alérgicas
en un sector de la poblacién especialmente vulnerable. Consecuentemente, las
autoridades portuarias han instalado una serie de medidores que permiten emitir
una alerta cuando tal tipo de contaminacion es previsible.

Figura 10. Punto de descarga de soja en el puerto de Barcelona.

El problema de decisién que se plantea aqui, muy frecuente en sus numerosas
variantes en la gestion medioambiental de las actividades portuarias, es el de definir
cual debe serlaaccion aadoptat a(D) enfuncién de los datdd proporcionados
por las estaciones de medida. Formalmente, se trata de establegeglande
decisiénque permita implementagen tiempo realmedidas correctoras que tengan
simultaneamente en cuenta de manera satisfactoria tanto los riesgos sanitarios para
la poblacién como las necesidades comerciales del puerto.

Hay que distinguir dos horizontes temporales. A corto plazo, se trata de
decidir si, en una situacion concreta, es necesario detener las actividades relacio-
nadas con la soja, o es posible mantenerlas. Amedioy largo plazo, se trata de decidir
si pueden mejorarse las instalaciones, de forma que pueda permitirse su actividad
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en un conjunto mas amplio de condiciones atmosféricas, o si convendria trasladar
las instalaciones a una nueva ubicacion. En esta seccién nos limitaremos a discutir
el primer problema.

A corto plazo se trata por tanto problema de decision con sélo dos alternativas
A = {ay,a1}: mantener las actividades, o proceder a su suspension temporal
(a1). Las consecuencias de mantener las actividades dependen de que tenga o no
tenga lugar el suces® que se intenta evitar, esto es que se produzcan concentra-
ciones de polvo de soja sobre la ciudad capaces de generar reacciones alérgicas en
algunos de sus habitantes. En el caso de suspender temporalmente las actividades,
no hay riesgo alguno de contaminacién, pero existen pérdidas comerciales para la
empresa concesionaria y para el puerto.

Como entodo problemade decisién, hay que cuantificar las pérdidas asociadas
a cada posible combinacidn de decision y resultado; en un problema con estructura
tan sencilla como este, es facil expresarlo en forma de tabla:

S S

ao l01 = l(ao,S) l02 = l(ao,g)

ai l(al)

Lapérdidas pueden ser medidas es una escala cualquiera. Si, por ejemplo, utilizamos
una escala [0-1], la pérdida asociada a la mejor consecuencia posible (no polucion,
ningun comercial) serig, = 0, mientras que la pérdida asociada a la peor conse-
cuencia posible (polucién sobre la ciudad) ségia= 1, y solamente es necesario
determinar, en una escala [0-1] la pérdida asociada a detener el piideeso,

Consecuentemente, la pérdida esperada de la decigida mantener las
actividades cuando los medidores proporcionan los datesra

Z(ao) =y Pr(S ‘ D,B) + lp2 PI’(§| D,B) = PF(S ‘ D,B),

donde P¢S | D, B) es la probabilidad de que vayan a producirse concentraciones
peligrosas de polvo de soja sobre la ciudad dada la informacion proporcionada por
los datosD y la base de datos histéricds. Por otra parte, la pérdida esperada

de detener las actividades es simplemétig) = I(a;). Consecuentemente, la
decisién Optima sera detener las actividades si, y solamente si, la pérdida esperada
de mantener la actividal{a,) es mayor que la pérdida esperada de suspenderla

l[(a1). Laregla de decision deber por tanto de la forma:
Suspender actividades siempre que (SRD, B) > l(ay).

Este sencillo analisis ha permitido identificar la forma quegesariamente
debe tener la regla de decisién buscada. Es necesario plantear un modelo probabi-
listico que permita determinar en tiempo real, la probabiliddd PP, B) de que
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vaya a producirse un episodio contaminante en funcién de los dapwsporcio-

nados por las estaciones medidoras y de la base de datos disp@niblea vez
validado e implementado este modelo, las autoridades portuarias pueden limitarse a
observarlaevoluciénde % | D, B) y ordenar la suspension de actividades siempre
que P(S| D, B) supere un determinado nive.

Obsérvese que la especificacionpdess unadecision politica insoslayable
Unaformade ayudar a los responsables de tomar tal decisién es analizar sus implica-
ciones. Asi, si quienes tengan autoridad para hacerlgfijan el valop* = 0.001
(ordenando detener las actividades si la probabilidad de un episodio contaminante
es mayor d€.001), entonces la probabilidad de que un dia cualquiera se produzca
un episodio de contaminacion sera del orden de 0.999, la de que pase una afio
sin problemas sera del orden €99°% ~ 0.694 y la de que pasen 10 afios
sin problemas es solament6.999%6°° ~ 0.026. Inversamente, si se quiere una
probabilidadg de que no haya problemas erafios, el valor umbral debe tomarse
p*=1—¢"/B%"): parag = 0.90 y n = 10, resultap* ~ 0.0003 de forma que, para
tener una probabilidad razonable de que no habra problemas de contaminacion si
se estima en unos 10 afios la vida esperada de las instalaciones actuales, el umbral
de suspension de actividades deberia ser del ordgh€e).0003.

Obsérvese que, debido a laimportancia de los valores extremos de la probabi-
lidad P(S'| D, B) en la determinacion de la solucién,iggerativodisponer de un
modelo probabilistico satisfactorio es ese dominio, lo que puede requerir un andlisis
muy sofisticado de la base de datos disponible

3.3. POSIBLE IMPACTO AMBIENTAL EN HUELVA

El puerto de Huelva, situado sobre la ria que forma el rio Odiel, esta separado del
Atlantico por un paraje natural, la Isla de Saltés, de reconocido valor ecolégico.
La isla est4 situada inmediatamente al Oeste del muelle Juan Gonzalo, punto de
descarga de graneles solidos, y se trata de determinar si es o0 no necesario modificar
los procedimientos vigentes de carga y descarga, y los de almacenamiento al aire
libre, para garantizar a laiisla (y a la poblacién residencial de Punta Umbria, situada
a continuacién) una proteccion efectiva.

Efectivamente, se trata de determinar si los vientos del Este son capaces de
arrastrar hasta la isla particulas contaminantes procedentes de las parvas acumuladas
en los muelles o de las nubes producidas en los procedimientos de carga y descarga.

Se trata en este caso de un problema decisién de “contraste de hipotesis”, con
dos Unicas alternativas: los datos observados son compatibles con la hipétesis de
gue los usos actuales no tienen una incidencia apreciable sobre el paggae (
alternativamente, puede demostrarse una contaminacion apreciable y, consecuen-
temente, hay que modificar los procedimientos en vigor. (
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Figura 11. Riade Huelva, Isla de Saltes y Punta Umbria.

La magnitud de interés en este problema en la cantidaal particulas por
m? que se depositan sobre la isla durante un periodo de viento procedente del
este, que debe ser estimada a partir de las medidas{x,...,x,} obtenidas
por n captadores instalados al efecto. p&i | 6) es el modelo probabilistico que
describe la relacion entre las medidas realizables y la magnitud de interés, se trata
de decidir si los datos observados son o no compatibles con la hipétesis de que
0 < 0y, donded, es el méximo valor tolerable. El este caso, la funcion de pérdida
es una medida(0, 6,) de la discrepancia entre el modelo verdadgte|6) y el
la subfamilia{p(z|0),0 < 6y}, que se mide en unidades de informacion, y la
hipétesis de incidencia no apreciabig)(debe ser desestimada si, y solamente si,
el valor esperado de esa discrepancia es suficientemente grande,

/ 5(0,60) p(0 | ) do > d*
e

dondep(f | ) es ladistribucion de probabilidad que describe la informacion propor-
cionada sobre los niveles de polucinpor las muestras tomadasy donde,
convencionalmente, se torda = 5 unidades de informacién (equivalente a tres
desviaciones tipicas en el lenguaje convencional en ingenieria).

En un problema como el que nos ocupa es crucial realizar un analisis preciso
de las muestras obtenidagara garantizar que provienen de la fuente considerada
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objeto del problema. Por ejemplo, en el caso descrito, seria necesario asegurar que
las muestras recogidas provienen de los muelles del puerto y no de las industrias
instaladas en el poligono industrial situado al Este del muelle Juan Gonzalo.

3.4. DESCARGA DE GRANELES SOLIDOS EN SANTANDER

En condiciones de viento adversas, la polucion atmosférica sobre ciudades portuarias
como consecuencia de particulas en suspensién levantadas desde parvas situadas al
aire libre, o como consecuencia de operaciones de carga o descarga de graneles
sélidos, es un problema medioambiental al que frecuentemente deben enfrentarse
las autoridades portuarias.

En el caso particular del puerto de Santander, las parvas de carbén situadas
sobre el espigon central de Raos asi como las operaciones de carga y descarga en ese
muelle (frecuente, pero no exclusivamente de carbdn) dan lugar, con vientos fuertes
del sur, aimportantes episodios de contaminacion atmosférica sobre el barrio de la
ciudad situado al norte de ese espigdn (cuadrante superior izquierda de la Figura
12).

Figura 12. Puerto de Santander.

El problema planteado por las parvas acumuladas es técnicamente muy dife-
rente del que plantean las operaciones de carga y descarga. En el primer caso es
necesario plantearse opciones tales como lainstalacion o mejora de sistemas de riego
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sobre de las parvas o0 su cambio de ubicacién. Este tipo de problema de decision sera
analizado en la seccién siguiente al describir un problema de estas caracteristicas
en el puerto de Tarragona.

En su version mas sencilla, el problema planteado por la contaminacién
atmosférica que las operaciones previstas de carga y descarga de graneles sélidos
pueden llegar a producir admite tres acciones alternativas {ay, a1, a2 }: autori-
zar la operacion en la forma habitual), autorizarla en forma restringida;(
(operando solamente con tolvas especiales, disminuyendo la altura de volcado,...),
0 posponer la operacion hasta que mejore las situacién meteorologica preyista (
(Figura 13).

M |
armales ﬂ l(ag, 90)
Mormal s Desfavorables A
/ 4 [(ag,01)
agp
| Y_Muy desfavorables o
4 Uao,02)
Buenas
<] I(ai, 0o)
Festringida //Desfavurables Q
l(a1,91)
a =
| “, Muy desfavorables 4
\ < (a1, 69)
Buenas
\\ < 102, 0)
/
‘\Detenida ‘,4 Desfavorables 1 a, B1)
) & =~ az, vy
\ Mury Desfavorales -
b \J l(a2v92)

Figura 13. Arbol de decision basico en operaciones de carga y descarga

Las consecuencias de cualquiera de estas acciones depeifficienalproba-
bilistica de las condiciones meteoroldgicas (fundamentalmente de la direccion e
intensidad del viento y, en menor medida, de la humedad relativa). En una primera
aproximacion, tales condiciones pueden ser clasificadas en tres grandes grupos:
buenas f,), desfavorablesf{) y muy desfavorables o malag;]. Para cada
combinacion de accion posible y condiciones meteorologicds es necesario
evaluar, en una escala adecuada, las pérdjdas I(a;,¢;), que se generarian,
dando lugar a una tabla de la forma:



48 José-Miguel Bernardo

0, 0, 0,

ag loo = U(ao, 60) 1o = l(ag,6h) loo = I(ao, O2)
ap lio =1(a1,00) 11 =1Ua,01) lLio=1(a,0:
as loo = l(az,0p) lo1 =1(az,01) loo =1(az,0:

Ademas, desde la perspectiva que nos ocupa, la consecuencia basica de la accién
a; Si se presentan las condiciongses unavariable aleatoria la cantidady;; de
particulas recogidas pet?, cuya distribucion, obviamente, dependexdg deb;.
Formalmente,

lij = l(ai, 0;) = /0 I(ci,wij) p(wij | ai, 05, B) dwj,

de forma que la pérdida sufrida si se toma la aceipen las condiciones; es

una funcion del coste; de implementar; y de la distribucién de probabllldad
p(wij | ai, 8;, B) del nivelw;; de polucion que puede esperarse en esas circunstancias
enbasea Ia informacion proporcionada por una base de datos higtoizsérvese

gue si se detienen las operaciones, las actividades del puerto no pueden contri-
buir a la polucién de la ciudad; consecuentementg, ws; Y weo describen,
respectivamente, los niveles de polucién del sector de la ciudad estudiado (en
las distintas condiciones meteorolégicas estudiadas) cuamdgisten emisiones
procedentes del puerto.

La funcionl(c,w) debe describir en una escala conveniente (por ejemplo en
una escala [0-1]) la pérdida asociada a una situacién en la que con urc gasto
detecta una nivel de polucién Determinar esa funcion es una tarea dificil (pero
inevitable) que debe ser el resultado de algun tipo de acuerdo entre todas las partes
implicadas

Finalmente, una vez determinada la funcion de pérdida es necesario analizar
la base de datos histériéapara calcular las probabilidadeg®r| M, B) asociadas
a cada uno de los tipos de condiciones meteoroldgicas considefégldas, 6-},
dados los datos meteoroldgichs en el momento de tomar la decision.

La utilidad esperada de cada una de las alternativas considerada sera entonces
2
I(a;| M,B) = "l(a;,0;) Pr(6;| M, B))
j=0

donde logl(a;, #;) son los valores esperados de las pérdiggsw;;) asociadas a
los niveles de poluciow;;. La decision éptima* en condiciones meteorologicas
M es entonces aquella que minimiza la pérdida esperada,

a* = a*(M,B) = argmin{(a; | M, B).
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3.5. DESCARGA DE CARBON EN TARRAGONA

La descarga de carbdn en el puerto de Tarragona tiene lugar a cielo abierto, en
el muelle de Catalufia, situado en el extremo sur de puerto (Figura 14). El dique
rompeolas que separa el muelle del mar abierto soporta una estrecha carretera, a
unos metros sobre el nivel del mar, que permite el acceso al faro de la Banya, y que
constituye uno de los paseos deportivos de la ciudad. Ademas sobre esa carretera,
inmediatamente detras del muelle, se sitda un centro de buceo, debido a que esa
zona de mar presenta caracteristicas adecuadas para esa practica deportiva. Cuando
soplaviento del norte, las particulas de carbon de las parvas acumuladas en el muelle
barren la carretera, haciendo muy desagradable pasear sobre ella, y contaminan de
carbdn al zona colindante de buceo, deteriorandola de forma progresiva.

En este caso que trata de un problema continuo, no limitado a los momentos
de descarga de buques, y cuya solucidn exigiria obras de envergadura. Frente a la
situacién actuad,, un primer andlisis pone de manifiesto tres alternativas:

ay : mejorar el sistema de riego de las parvas, tal vez con aditivos apropiados, para
limitar el desplazamiento de las particulas situadas en su superficie.

a» : Disefiar y construir entre el muelle y la carretera una barrera fisica que no sea
superada por las particulas de carbdn con vientos fuertes del norte.

ag : Buscar una ubicacion alternativa para la descarga del carbon.

Las consecuencias finales que se derivan de cualquiera de estas acciones
alternativas son funcién de dos variables: la cantiddel carbon que se depositaria
al afio porm? de la zona de buceo y el costen euros de implementar esa medida.
La primera tarea necesaria es por tanto cuantificar, en una escala apropiada, las
preferencias asociadas a cada soludi@re} (carbdn, euros) posible. Una forma
eficiente de hacerlo seria ajustar una funcién de pérdida)] que combine las
pérdidas asociadas a un depdsito de carbéon las de un coste en una escala
[0 — 100]. La solucion ideal, obviamente inexistente, seria polueiéa 0 con
costee = 0, de forma qué[0,0] = 0. Cualquier solucién con un coste >
e; no asumible tendria pérdida méxima, de forma que si e, l[e, ] = 100.
Analogamente, cualquier solucién con una poluciér ¢, excesiva (por ilegal
o0 por socialmente inaceptable) tendria pérdida maxima, de forma que sij,
I[e,¢] = 100. Para cualquier otra soluciofr, e} habria que obtener un valor
numeéricol(c, e) entre 0 y 100, fruto de un pacto social, de algun tipo de acuerdo,
entre todas las instituciones implicadas. Este acuerdo podria ser facilitado por
el disefio y andlisis de una encuesta que determinase la opinién al respecto de
los habitantes de la ciudad. La determinacion de la funfiér] que describe
las preferencias no es sencilla, pero es importante subrayar que es una condicién
necesarigpara una soluciéracional al problema planteado.

Para cada una de las alternativas consideradas es necesario precisar la distri-
bucién de probabilidad de los niveles de polucignlos costes a que daria lugar.
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Figura 14. Muelle de Catalunya, Puerto de Tarragona.

Por otra parte, seria necesario disponer de una base de datos meteordlégicos
gue permitan estimar la distribucion de la intensidad y direccion del viento sobre el
muellea lo largo de todo un afi@para integrar previsibles efectos estacionales).
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En el casoa; de los sistemas de riego, habria que estudiar, posiblemente
mediante experimentacidn situ, el comportamiento de cada posible sistefha
para, en funcion de los datos meteorologidds determinar la distribucion de
probabilidadp(c| S;, M) sobre la poluciére a que daria lugar. Si el coste de
instalacion y mantenimiento del sister§a ese(S;), la pérdida esperada de la
soluciona; con el sistemé; seria

() = /o lle. e(S;)] ple| 5, M) de

y el mejor sistema el que minimicés;) entre todos los posibles, de forma que la
mejor solucion entre las de riego tiene una pérdida esperada

I(a) = min(S))

De forma totalmente analoga, el el caspde las barreras fisicas, habria que
estudiar, posiblemente mediante métodos de simulacion, el comportamiento de cada
posible barrerd3; para, en funcion de los datos meteorologiddsdeterminar la
distribucion de probabilidag(c | B;, M) sobre la poluciom a que daria lugar. Siel

coste de construccion de la barr@gaese(B;), la pérdida esperada de la solucion

a, con el disefidB; seria

1)) = [ leve(B))]pte| B, M) de

y el mejor disefio el que minimidé¢B;) entre todos los posibles, de forma que la
mejor solucién entre las de barrera tiene una pérdida espéradia= min; /(B;).

En el casa; de traslado de las instalaciones, la polucién sobe la zona de buceo
seria obviamente nula. Siel coste de traslado a una ubiddgst(U;), la pérdida
esperada de la solucién con la ubicaciér; serial(az) = min; 1[0, ¢(U;)].
Finalmente, la pérdida esperada de la alternativa “nuja’esto es de mantener el
statu quo, que no tiene coste monetario directo, seria

I(ay) = /C l[e, 0] ple | M) de,

dondep(c| M) describe la distribucién de probabilidad de la cantidae carbon
porm? que se depositaria en un afio sobre la zona de buceo si no se efectuase accion
correctora alguna.

La decision 6ptima*, serd aquella que minimice la pérdida esperada,
a* = argmin I(a;), i=0,1,2,3.
El resultado dependera obviamente de la funcion de pérdida utilizada. Para disponer
de resultados generales, se puede plantear una familia paramétrica de funciones de

pérdida suficientemente amplia, y proporcionar una tabla que recoja la solucién
optima en funcion de los valores de los parametros utilizados.
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Apéndice

BAYESIAN STATISTICS

Este apéndice contiene una version abreviada y actualizada del articulo preparado
por el autor de este informe para la enciclopedia cientifica de la UNESCO:

Bernardo, J. M. (2003). Bayesian StatistiEsicyclopedia of Life Support Systems
(EOLSS). Probability and Statisti¢R. Viertl, ed). London, UK: UNESCO.

Contiene una exposicién mas detallada, y de mayor nivel matematico, de los con-
ceptos introducidos en el capitulo 2 de este informe.

Bayesian Statistics

José M. Bernardo

Summary

Statistics is the study of uncertainty. The field of statistics is based on two
major paradigms: conventional and Bayesian. Bayesian methods proaniete
paradigm for both statistical inference and decision making under uncertainty.
Bayesian methods may be derived from an axiomatic system and proxadhe gent
methodology which makes it possible to incorporate relevant initial information, and
which alleviates many of the difficulties faced by conventional statistical methods.
The Bayesian paradigm is based on an interpretation of probabilitg@sditional
measure of uncertaintyhich closely matches the sense of the word ‘probability’ in
ordinary language. Statistical inference about a quantity of interest is described as
the modification of the uncertainty aboutits value in the light of evidence, and Bayes’
theorem specifies how this modification should be made. Bayesian methods may be
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applied to highly structured complex problems, which have been often intractable
by traditional statistical methods. The special situation, often met in scientific
reporting and public decision making, where the only acceptable information is that
which may be deduced from available documented data, is addressed as an important
particular case.

1. Introduction

Scientific experimental or observational results generally consist of (possibly many)
sets of data of the general forf = {1, ..., x,}, where thex;’s are somewhat
“homogeneous” (possibly multidimensional) observatians Statistical methods

are then typically used to derive conclusions on both the nature of the process which
has produced those observations, and on the expected behaviour at future instances
of the same process. A central elemerdnystatistical analysis is the specification

of a probability modelwhich is assumed to describe the mechanism which has
generated the observed dafaas a function of a (possibly multidimensional)
parameter (vectorp € (2, sometimes referred to as tisgate of nature about
whose value only limited information (if any) is available. All derived statistical
conclusions are obviously conditional on the assumed probability model.

Unlike most other branches of mathematics, conventional methods of statis-
tical inference suffer from the lack of an axiomatic basis; as a consequence, their
proposed desiderata are often mutually incompatible, and the analysis of the same
data may well lead to incompatible results when different, apparently intuitive
procedures are tried (see the 1970's monographs by Lindley and by Jaynes for
many instructive examples). In marked contrast, the Bayesian approach to statistical
inference is firmly based on axiomatic foundations which provide a unifying logical
structure, and guarantee the mutual consistency of the methods proposed. Bayesian
methods constitute @mpleteparadigm to statistical inference, a scientific revolu-
tion in Kuhn’s sense.

Bayesian statistics only require tieathematicof probability theory and
the interpretationof probability which most closely corresponds to the standard
use of this word in everyday language: it is no accident that some of the more
important seminal books on Bayesian statistics, such as the works of de Laplace,
de Finetti or Jeffreys, are actually entitled “Probability Theory”. The practical
consequences of adopting the Bayesian paradigm are far reaching. Indeed, Bayesian
methods (i) reduce statistical inference to problems in probability theory, thereby
minimizing the need for completely new concepts, and (ii) serve to discriminate
among conventional statistical techniques, by either providing a logical justification
to some (and making explicit the conditions under which they are valid), or proving
the logical inconsistency of others.



54 José-Miguel Bernardo

The main consequence of these foundations is the mathemagedlto
describe by means of probability distributions all uncertainties present in the pro-
blem. In particular, unknown parameters in probability mocelsthave a joint
probability distribution which describes the available information about their values;
this is often regarded dke characteristic element of a Bayesian approach. Notice
that (in sharp contrast to conventional statistga)ameters are treated as random
variableswithin the Bayesian paradigm. This is not a description of their variability
(parameters are typicalljxed unknowmuantities) but a description of thacer-
tainty about their true values.

An important particular case arises when either no relevant prior information
is readily available, or that information is subjective and an “objective” analysis
is desired, one that is exclusively based on accepted model assumptions and well-
documented data. This is addressedddgrence analysighich uses information-
theoretic concepts to derive appropriate reference posterior distributions, defined to
encapsulate inferential conclusions on the quantities of interest solely based on the
supposed model and the observed data.

In this article it is assumed that probability distributions may be described
through their probability density functions, and no distinction is made between
a random quantity and the particular values that it may take. Bold italic roman
fonts are used foobservablaandom vectors (typically data) and bold italic greek
fonts are used for unobservable random vectors (typically parameters); lower case
is used for variables and upper case for their dominion sets. Moreover, the standard
mathematical convention of referring fianctions say f andg of x € X, respecti-
vely by f(x) and g(x), will be used throughout. Thug(0|C) andp(x|C)
respectively represent genembbability densitieof the random vector@ € ©
andz € X under conditions”, so thatp(6 |C) > 0, [,p(6|C)de = 1, and
p(x]|C) >0, [y p(x|C)dx = 1. This admittedly imprecise notation will greatly
simplify the exposition. If the random vectors are discrete, these functions naturally
become probability mass functions, and integrals over their values become sums.

Density functions of specific distributions are denoted by appropriate names.
Thus, ifz is a random quantity with a normal distribution of mgaand standard
deviationo, its probability density function will be denoted(M| i1, o). Table 1
contains definitions of other distributions used in this article.

Bayesian methods make frequent use of the the concept of logarithmic diver-
gence, a very general measure of the goodness of the approximation of a probability
densityp(x) by another density(x). The Kullback-Leibler, otogarithmic diver-
genceof a probability densitys(x) of the random vector € X from its true
probability densityp(x), is defined as

k{p(z) | plz)} = /X p(@) log{p(e) /p(x)} da.
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Table 1. Notation for common probability distributions

Name Probability Mass (or Density) Function
Beta Béx |, 8) = rieiy 221 (1 — )", @ € (0,1)
Binomial Bi(z |n,0) = (1) 6" (1 —6)" ", z € {0,...,n}
Exponential Exz|0)=0e %, >0
_ apf®

ExpGamma EGr |, B) = g > 0
Gamma Gér|a, f) = % e g >0
NegBinomial Nz |7, 0) =6 (""" (1 —-0)", 2 €{0,1,...}

-1/2 _ .
Normal Ni(z | p, ) = ‘é‘)k sexp [~ (@ — p)'S (e - p)], @ e R
Poisson Par|A) =e 20,z €{0,1,...}

F(ﬂ_ﬂ) 1 1 /ey 2 —(a+1)/2
Student S| 1,0.0) = e ma |1+ 2 (52)] L zER

It may be shown that (i) the logarithmic divergence is non-negative (and it is zero
if, and only if, p(x) = p(x) almost everywhere), and (ii) tha{p(x) | p(x)} is
invariant under one-to-one transformationseof

This article contains a brief summary of the mathematical foundations of
Bayesian statistical methods (Section 2), an overview of the paradigm (Section 3),
a description of useful inference summaries, including estimation and hypothesis
testing (Section 4), an explicit discussion of objective Bayesian methods (Section
5), the detailed analysis of a simplified case study (Section 6), and a final discussion
which includes pointers to further issues not addressed herr (Section 7).

2. Foundations

A central element of the Bayesian paradigm is the use of probability distributions to
describe all relevant unknown quantities, interpreting the probability of an eventas a
conditional measure of uncertainty, ofial] scale, aboutthe occurrence ofthe event

in some specific conditions. The limiting extreme val@iasdl, which are typically
inaccessible in applications, respectively describe impossibility and certainty of the
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occurrence of the event. This interpretation of probability includes and extends
all other probability interpretations. There are two independent arguments which
prove the mathematical inevitability of the use of probability distributions to describe
uncertainties; these are summarized later in this section.

2.1. Probability as a Measure of Conditional Uncertainty

Bayesian statistics uses the wgnabability in precisely the same sense in which
this word is used in everyday language, asoaditional measure of uncertainty
associated with the occurrence of a particular event, given the available information
and the accepted assumptions. Thu6ERIC') is ameasure of (presumably rational)
belief in the occurrence of theventE underconditionsC. It is important to
stress that probability ialwaysa function of two arguments, the evehltwhose
uncertainty is being measured, and the conditi@nsder which the measurement
takes place; “absolute” probabilities do not exist. In typical applications, one
is interested in the probability of some evdfitgiven the availablelata D, the

set ofassumptionsd which one is prepared to make about the mechanism which
has generated the data, and the relevant contekiatledgeX” which might be
available. Thus, RE | D, A, K) is to be interpreted as a measure of (presumably
rational) belief in the occurrence of tlewentF, given dataD, assumptionst and

any other available knowledgg, as a measure of how “likely” is the occurrence

of E in these conditions. Sometimes, but certainly not always, the probability of
an event under given conditions may be associated with the relative frequency of
“similar” events in “similar” conditions. The following examples are intended to
illustrate the use of probability as a conditional measure of uncertainty.

Probabilistic diagnosisA human population is known to contain 0.2% of people
infected by a particular virus. A persorandomly selecteérom that population,

is subject to a test which is from laboratory data known to yield positive results in
98% of infected people and in 1% of non-infected, so thal; denotes the event
that a person carries the virus andienotes a positive result,(R | V) = 0.98 and

Pr(+| V) = 0.01. Suppose that the result of the test turns out to be positive. Clearly,
one is then interested in @ | +, A, K'), theprobability that the person carries the
virus, given the positive result, the assumptignabout the probability mechanism
generating the test results, and the available knowlddgé the prevalence of the
infection in the population under study (described here GW/RiK) = 0.002).

An elementary exercise in probability algebra, which involves Bayes’ theorem in
its simplest form (see Section 3), yield§ P+, A, K) = 0.164. Notice that the
four probabilities involved in the problem hatlee same interpretationthey are

all conditional measures of uncertainty. Beside§J/Rr+, A, K) is botha measure

of the uncertainty associated with the event that the particular person who tested
positive is actually infectedand an estimateof the proportion of people in that
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population (about 16.4%) that would eventually prove to be infected among those
which yielded a positive test.

Estimation of a proportion.A survey is conducted to estimate the proportton

of individuals in a population who share a given property. A random sample of
n elements is analyzed, of which are found to possess that property. One is
then typically interested in using the results from the sample to establish regions
of [0,1] where the unknown value &f may plausibly be expected to lie; this
information is provided byrobabilities of the form Pfa < 6 < b|r,n, A, K),

a conditional measure of the uncertainty about the eventétiwaiongs to(a, b)
giventhe information provided by the dafa, n), the assumptiond made on the
behaviour of the mechanism which has generated the data (a random sample of
Bernoulli trials), and any relevant knowled@éeon the values of which might be
available. For example, after a political survey in which 720 citizens out of arandom
sample of 1500 have declared their support to a particular political measure, one may
conclude that RY < 0.5|720,1500, A, K) = 0.933, indicating a probability of
about 93% that a referendum of that issue would be lost. Similarly, after a screening
test for an infection where 100 people have been tested, none of which has turned
out to be infected, one may conclude thatP« 0.010, 100, A, K') = 0.844, ora
probability of about 84% that the proportion of infected people is smaller than 1%.

Measurement of a physical constaAtteam of scientists, intending to establish the
unknown value of a physical constantobtain dataD = {z,...,,} which are
considered to be measurementsuafubject to error. The probabilities of interest
are then typically of the form Pe < p < b| xy, ..., 2., A, K), theprobability that

the unknown value of: (fixed in nature, but unknown to the scientists) lies within
an interval(a, b) given the information provided by the dalg the assumptiond

made on the behaviour of the measurement mechanism, and whatever knailedge
might be available on the value of the constantAgain, those probabilities are
conditional measures of uncertainty which describe the (necessarily probabilistic)
conclusions of the scientists on the true valug aofiven available information and
accepted assumptions. For example, after a classroom experiment to measure the
gravitational field with a pendulum, a student may report (in nijssmmething like
Pr(9.788 < g < 9.829| D, A, K) = 0.95, meaning that, under accepted knowledge
K and assumptionsl, the observeddata D indicate that the true value gf lies
within 9.788 and9.829 with probability 0.95, a conditional uncertainty measure

on a [0,1] scale. This is naturally compatible with the fact that the value of the
gravitational field at the laboratory may well be known with high precision from
available literature or from precise previous experiments, but the student may have
been instructediot to use that information as part of the accepted knowlege
Under some conditions, itis also true that if the sgmoeeduravere actually used by
many other students with similarly obtained data sets, their reported intervals would
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actually cover the true value gfin approximately95% of the cases, thus providing
some form ofcalibration for the student’s probability statement (see Section 5.2).

Prediction. An experiment is made to count the numbeaf times that an everit

takes place in each of replications of a well defined situation; it is observed that

FE does take place; times in replicationt, and it is desired to forecast the number

of timesr that E will take place in a future, similar situation. This igeediction
problem on the value of ambservablgdiscrete) quantity:, given the information
provided by dataD, accepted assumptionson the probability mechanism which
generates the;’s, and any relevant available knowledgé Hence, simply the
computation of the probabilitie§Pr(r |71, ...,r,, A, K)}, forr = 0,1,..., is
required. For example, the quality assurance engineer of a firm which produces
automobile restraint systems may report something like Pr 0|r; = ... =

rio = 0,4, K) = 0.953, after observing that the entire production of airbags in
each ofn = 10 consecutive months has yielded no complaints from their clients.
This should be regarded as a measure,[6nid scale, of the conditional uncertainty,
given observed data, accepted assumptions and contextual knowledge, associated
with the event that no airbag complaint will come from next month’s production and,
if conditions remain constant, this is also an estimate of the proportion of months
expected to share this desirable property.

A similar problem may naturally be posed with continuous observables. For
instance, after measuring some continuous magnitude in eaatanflomly chosen
elements within a population, it may be desired to forecast the proportion of items
in the whole population whose magnitude satisfies some precise specifications. As
an example, after measuring the breaking strenfiths. . ., 219} of 10 randomly
chosen safety belt webbings to verify whether or not they satisfy the requirement
of remaining above@6 kN, the quality assurance engineer may report something
like Pr(x > 26|z1,...,z10,4,K) = 0.9987. This should be regarded as a
measure, on &), 1] scale, of the conditional uncertainty (given observed data,
accepted assumptions and contextual knowledge) associated with the event that a
randomly chosen safety belt webbing will support no less #itaklN. If production
conditions remain constant, it will also be an estimate of the proportion of safety
belts which will conform to this particular specification.

Often, additional information of future observations is provided by related
covariates. Forinstance, after observing the outpyts. . . , y,, } which correspond
to a sequencéry, ..., x, } of different production conditions, it may be desired to
forecast the outpuy which would correspond to a particular seof production
conditions. For instance, the viscosity of commercial condensed milk is required
to be within specified values andb; after measuring the viscositi€g;, ..., y,}
which correspond to samples of condensed milk produced under different physical
conditions{xy, . .., x, }, production engineers will require probabilities of the form
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Pria < y < blx, (y1,21),. .., (yn, ), A, K). This is a conditional measure of

the uncertainty (always given observed data, accepted assumptions and contextual
knowledge) associated with the event that condensed milk produced under condi-
tionsz will actually satisfy the required viscosity specifications.

2.2. Statistical Inference and Decision Theory

Decision theory not only provides a precise methodology to deal with decision
problems under uncertainty, but its solid axiomatic basis also provides a powerful
reinforcement to the logical force of the Bayesian approach. We now summarize
the basic argument.

A decision problem exists whenever there are two or more possible courses
of action; letA be the class of possible actions. Moreover, for each A, let
0O, be the set ofelevant eventsvhich may affect the result of choosinag and let
c(a,0) € C,, 8 € B,, be theconsequencef having chosen actiom when event
0 takes place. The class of paif§,,C,),a € A} describes thstructureof the
decision problem. Without loss of generality, it may be assumed that the possible
actions are mutually exclusive, for otherwise one would work with the appropriate
Cartesian product.

Different sets of principles have been proposed to capture a minimum collec-
tion of logical rules that could sensibly be required for “rational” decision-making.
These all consist of axioms with a strong intuitive appeal; examples include the
transitivity of preferences (i, > a, givenC, andas > a3 givenC, thena; > a3
given C'), and thesure-thing principle(if a; > a, givenC and E, anda; > as
givenC andFE, thena; > a, givenC). Notice that these rules are not intended as
a description of actual human decision-making, but asranativeset of principles
to be followed by someone who aspires to achieve coherent decision-making.

There are naturally different options for the set of acceptable principles, but
all of them lead basically to the same conclusions, namely:

(i) Preferences among consequences should be measured with a real-valued
boundedutility functionU (c¢) = U (a, @) which specifies, on some numerical scale,
their desirability.

(i) The uncertainty of relevant events should be measured with a set of
probabilitydistributions{ (p(@ | C, a), 0 € ©,), a € A} describing their plausibility
given the condition€” under which the decision must be taken.

(i) The desirability of the available actions is measured by their correspon-
ding expected utility

U(am):/e Ula,0)p(0]C,a)do, ac A (1)

It is often convenient to work in terms of the non-negata&sfunction defined by
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L(a7 0) = sup{U(a, 9)} - U(aa 0)7 (2)
acA
which directly measures, as a function@fthe “penalty” for choosing a wrong
action. The relative undesirability of available actiens A is then measured by
theirexpected loss

Z(a\o)z/e L(a,0)p(0]C,a)d0, ac A. (3)

Notice that, in particular, the argument described above establishes the need to
quantify the uncertainty about all relevant unknown quantities (the actual values of
the@’s), and specifies that this quantificatimusthave the mathematical structure of
probability distributions. These probabilities are conditional on the circumstances
C under which the decision is to be taken, which typically, but not necessarily,
include the result® of some relevant experimental or observational data.

It has been argued that the development described above (which is not ques-
tioned when decisions have to be made) does not apply to problems of statistical
inference, where no specific decision making is envisaged. However, there are two
powerful counterarguments to this. Indeed, (i) a problem of statistical inference is
typically considered worth analysing becausaiyeventually help make sensible
decisions (as Ramsey put it in the 1930’s, a lump of arsenic is poisonous because it
maykill someone, not because it has actually killed someone), and (ii) it has been
shown (by Bernardo in the 1970's) that statistical inferencé @ttuallyhasthe
mathematical structure of a decision problem, where the class of alternatives is the
functional space

A={s010) w61D)>0. [ oI D)a0 -1 (4)
ofthe conditional probability distributions éfgiven the data, and the utility function
is a measure of the amount of information ab@uthich the data may be expected
to provide.

2.3. Exchangeability and Representation Theorem

Available data often take the formofadet, . . . , «,, } of “homogeneous” (possibly
multidimensional) observations, in the precise sense that only\hkiesmatter

and not theorder in which they appear. Formally, this is captured by the notion

of exchangeability The set of random vectorgey, ..., x,} is exchangeable if

their joint distribution is invariant under permutations. An infinite sequencg

of random vectors is exchangeable if all its finite subsequences are exchangeable.
Notice that, in particular, any random sample from any model is exchangeable
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in this sense. The concept of exchangeability, introduced by de Finetti in the
1930’s, is central to modern statistical thinking. Indeed, the genepadsentation
theoremimplies that if a set of observations is assumed to be a subset of an
exchangeable sequence, then it constitatesidom sampl&om some probability
model {p(xz|w),w € Q}, z € X, described in terms of (labelled by) some
parameter vectow; furthermore this parameteris definedas the limit (as. — oo)
of some function of the observations. Available information about the valuge of
in prevailing conditiong” is necessarilydescribed bygomeprobability distribution
p(w|C).

For example, in the case of a sequefieg -, . . .} of dichotomous exchan-
geable random quantities; € {0,1}, de Finetti's representation theorem esta-
blishes that the joint distribution d@f:1, . . ., z,,) has thentegral representation

p(xr,...,2,|C) = /O H; 6% (1 — )% p(0] C) db (5)

wheref = lim,,_..(r/n) andr = >z, is the number of positive trials. This is
nothing but the joint distribution of a set of (conditionally) independent Bernoulli
trials with parametef, over which some probability distributigrié | C) is therefore
proven to exist. More generally, for sequences of arbitrary random quantities
{z1, 2, ...}, exchangeability leads to integral representations of the form

(x1,...,2,|C) = (z; |w) p(w]|C) dw, (6)
p /QZH1P p

where{p(x | w),w € 2} denotes some probabilityode] w is the limit asn — oo

of somefunctiorf (zy, . .., x,) ofthe observations, andw | C) is some probability
distribution over2. This formulation includes “nonparametric” (distribution free)
modelling, wherev may index, for instance, all continuous probability distributions
onX. Notice thap(w | C') doesnotdescribe a possible variability af (sincew will
typically be a fixedunknowrvector), but a description on the uncertainty associated
with its actual value.

Under appropriate conditioning, exchangeability is a very general assumption,
a powerful extension of the traditional concept ahadom samplelndeed, many
statistical analyses directly assume data (or subsets of the data) to be a random
sample of conditionally independent observations from some probability model, so
thatp(xi,...,x, |w) = [, p(z; | w); butanyrandom sample is exchangeable,
since[[;, p(x; |w) is obviously invariant under permutations. Notice that the
observations in a random sample are only indeperatenditionalon the parameter
valuew; as nicely put by Lindley, the mantra that the observatigns . .., z,, } in
a random sample are independent is ridiculous when they are used tajnfer
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Notice also that, under exchangeability, the general representation theorem provides
anexistence theoreffior a probability distributiorp(w | C') on the parameter space

Q, and that this is an argument which only depends on mathematical probability
theory.

Another important consequence of exchangeability is that it provides a formal
definitionof the parametew which labels the model as the limit, as— oo, of
someunction f(xy, ..., x,) of the observations; the functighobviously depends
both on the assumed model and the chosen parametrization. Forinstance, inthe case
of a sequence of Bernoulli trials, the paramétés definedas the limit, as. — oo,
of the relative frequency/n. It follows that, under exchangeability, the sentence
“the true value ofv” has a well-defined meaning, if only asymptotically verifiable.
Moreover, if two different models have parameters which are functionally related by
their definition, then the corresponding posterior distributions may be meaningfully
compared, for they refer to functionally related quantities. For instance, if a finite
subse{ x4, ..., z,} ofan exchangeable sequence of integer observations is assumed
to be a random sample from a Poisson distributiofuf?a), so that Ex | \] = A,
then )\ is definedaslim,,_..,{Z,}, wherez, = Zj x;/n; similarly, if for some
fixed non-zero integer, the same data are assumed to be a random sample for a
negative binomial Nbx |, ), so that Ex | 8, r] = r(1 — )/, thend is definedas
lim,, o {r/(T, + r)}. It follows thatd = r/(\ + r) and, henceq andr/(\ + r)
may be treated as tleame(unknown) quantity whenever this might be needed as,
for example, when comparing the relative merits of these alternative probability
models.

3. The Bayesian Paradigm

The statistical analysis of some observed datgpically begins with some informal
descriptiveevaluation, which is used to suggest a tentative, forprabability
model{p(D |w), w € Q} assumed to represent, for some (unknown) value of
w, the probabilistic mechanism which has generated the observeddatehe
arguments outlined in Section 2 establish the logical need to agséssarobability
distributionp(w | K) over the parameter spa€k describing the available know-
ledgeK about the value ab prior to the data being observed. It then follows from
standard probability theory that, if the probability model is correct, all available
information about the value of after the datd) have been observed is contained in
the correspondingosteriordistribution whose probability density(w | D, A, K),
is immediately obtained from Bayes’ theorem,
p(D]w)p(w|K)

PP AK) = 1D ) pw| K dw g
where A stands for the assumptions made on the probability model. It is this
systematic use of Bayes’ theorem to incorporate the information provided by the
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data that justifies the adjectiBayesiarby which the paradigm is usually known.

It is obvious from Bayes’ theorem that any valuewofvith zero prior density will

have zero posterior density. Thus, itis typically assumed (by appropriate restriction,
if necessary, of thparameter spac&) that prior distributions arstrictly positive

(as Savage put it, keep the mind open, or at least ajar). To simplify the presentation,
the accepted assumptioAsand the available knowledd€ are often omitted from

the notation, but the fact thatl statements about given D arealsoconditional to

A and K should always be kept in mind.

Example 1. (Bayesian inference with a finite parameter spatef. p(D | 6),
6 € {64,...,0,}, bethe probability mechanism which is assumed to have generated
the observed dat®, so that? may only take dinite number of values. Using the
finite form of Bayes’ theorem, and omitting the prevailing conditions from the
notation, the posterior probability éf after dataD have been observed is

p(D | 0;) Pr(6;)

Pr(¢; | D) = > p(D|6;) Pr(6;) ,

i=1,...,m. (8)

For any prior distributiom(6) = {Pr(6,), ..., Pr(6,,)} describing available know-
ledge about the value éf Pr(d; | D) measures how likely shoutti be judged, given
both the initial knowledge described by the prior distribution, and the information
provided by the dat®.

An important, frequent application of this simple technique is provided by
probabilistic diagnosis. For example, consider the simple situation where a parti-
cular test designed to detect a virus is known from laboratory research to give
a positive result id8% of infected people and in% of non-infected. Then,
the posterior probability that a person who tested positive is infected is given by
Pr(V|+) = (0.98p)/{0.98p + 0.01 (1 — p)} as a function ofp = Pr(V), the
prior probability of a person being infected (theevalenceof the infection in the
population under study). Figure 1 showgWPi +) as a function of Rit).

As one would expect, the posterior probability is only zero if the prior
probability is zero (so that it isnownthat the population is free of infection) and it
is only one if the prior probability is one (so that itkeownthat the population is
universally infected). Notice thatifthe infectionisrare, thenthe posterior probability
of a randomly chosen person being infected will be relatively low even if the test is
positive. Indeed, for say Pr’) = 0.002, one finds P{V | +) = 0.164, so thatin a
population where onl9.2% of individuals are infected, onli6.4% of those testing
positive within a random sample will actually prove to be infected: most positives
would actually bdalsepositives.

In this section, we describe in some detail the learning process described by
Bayes’ theorem, discuss its implementation in the presence of nuisance parameters,
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Figure 1. Posterior probability of infectio®r(V' | +) given a positive
test, as a function of the prior probability of infecti&m(1").

show how it can be used to forecast the value of future observations, and analyse its
large sample behaviour.

3.1. The Learning Process

In the Bayesian paradigm, the process of learning from the data is systematically
implemented by making use of Bayes’ theorem to combine the available prior
information with the information provided by the data to produce the required
posterior distribution. Computation of posterior densities is often facilitated by
noting that Bayes’ theorem may be simply expressed as

p(w[D) xp(D|w)p(w), 9)

(wherex stands for ‘proportional to’ and where, for simplicity, the accepted assum-
ptions A and the available knowledgk have been omitted from the notation),
since the missing proportionality constdft p(D | w) p(w) dw]~! may always be
deduced from the fact that{w | D), a probability density, must integrate to one.
Hence, to identify the form of a posterior distribution it suffices to identikgemel

of the corresponding probability density, that is a functidw) such that

p(w|D) = ¢(D) k(w)

for somec(D) which does not involvev. In the examples which follow, this
technique will often be used.
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An improper prior functionis defined as a positive functienw) such that
Jo m(w) dw is not finite. Equation (9), the formal expression of Bayes’ theorem,
remains technically valid ib(w) is replaced by an improper prior function{w)
provided the proportionality constant exists, thus leading to a well defireguer
posterior densityr(w | D) « p(D | w)7(w). It will later be established (Section 5)
that Bayes’ theorem also remains philosophically valig(ib) is replaced by an
appropriately chosen reference “noninformative” (typically improper) prior function
m(w).

Considered as a function aof, [(w, D) = p(D |w) is often referred to as
the likelihood function Thus, Bayes’ theorem is simply expressed in words by
the statement thahe posterior is proportional to the likelihood times the pridr
follows from equation (9) that, provided tisameprior p(w) is used, two different
data setsD; and D,, with possibly different probability modelg, (D; | w) and
pa(D9 | w) but yielding proportional likelihood functions, will produce identical
posterior distributions fow. This immediate consequence of Bayes theorem has
been proposed as a principle on its own, likelihood principle and it is seen by
many as an obvious requirement for reasonable statistical inference. In particular, for
any given priop(w), the posterior distribution does not depend on the set of possible
data values, or theutcome spaceNotice, however, that the likelihood principle
only applies to inferences about the parameter vestance the data have been
obtained. Consideration of the outcome space is essential, for instance, in model
criticism, in the design of experiments, in the derivation of predictive distributions,
or (see Section 5) in the construction of objective Bayesian procedures.

Naturally, the terms prior and posterior are ordyative to a particular set
of data. As one would expect from the coherence induced by probability theory, if
dataD = {z,...,x,} are sequentially presented, the final result will be the same
whether data are globally or sequentially processed. Indéed,z, ..., x;11) x
p(@iy1 |w)p(w @y, ..., x;),fori =1,... n—1, sothatthe “posterior” at a given
stage becomes the “prior” at the next.

In most situations, the posterior distribution is “sharper” than the prior so
that, in most cases, the densityw | x1,...,x;+1) will be more concentrated
around the true value @ thanp(w | 21, ..., x;). However, this is not always the
case: occasionally, a “surprising” observation will increase, rather than decrease,
the uncertainty about the value ef For instance, in probabilistic diagnosis, a
sharp posterior probability distribution (over the possible caysgs. .., w;} of
a syndrome) describing, a “clear” diagnosis of diseaséhat is, a posterior with
a large probability forw;) would typically update to a less concentrated posterior
probability distribution ove{w, ..., w;} if a new clinical analysis yielded data
which were unlikely undew;.

For a given probability model, one may find that some particular function of
the datat = t(D) is asufficientstatistic in the sense that, given the modéD))
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contains all information about which is available inD. Formally,t = ¢(D) is
sufficient if (and only if) there exist nonnegative functiofisnd g such that the
likelihood function may be factorized in the forp{D |w) = f(w,t)g(D). A
sufficient statistic always exists, fo(D) = D is obviously sufficient; however, a
much simpler sufficient statistic, with a fixed dimensionality which is independent
of the sample size, often exists. In fact this is known to be the case whenever the
probability model belongs to thgeneralized exponential famjlyhich includes
many of the more frequently used probability models. It is easily established that
if ¢ is sufficient, the posterior distribution af only depends on the dafa through

t(D), and may be directly computed in termspdt | w), so that,

p(w|D) = p(wlt) x p(t|w)p(w).

Naturally, for fixed data and model assumptions, different priors lead to
different posteriors. Indeed, Bayes’ theorem may be described as a data-driven
probability transformation machine which maps prior distributions (describing prior
knowledge) into posterior distributions (representing combined prior and data know-
ledge). It is important to analyse whether or not sensible changes in the prior
would induce noticeable changes in the posterior. Posterior distributions based
on reference “noninformative” priors play a central role in themsitivity analysis
context. Investigation of the sensitivity of the posterior to changes in the prior is
an important ingredient of the comprehensive analysis of the sensitivity of the final
results toall accepted assumptions which any responsible statistical study should
contain.

Example 2. (Inference on a binomial parameteifj.the dataD consist ofn
Bernoulli observations with paramet@evhich contain- positive trials, then

p(D]0,n) =60"(1—-0)"",

so thatt(D) = {r,n} is sufficient. Suppose that prior knowledge abéus
described by a Beta distribution BY «, /3), so that

p(0]a, B) o 0271 (1~ )7
Using Bayes’ theorem, the posterior densitya$
p(a | rn, avﬁ) x 0!(1 o a)nfr 0(271(1 o 0)@71 x 07‘+ufl(1 _ 0)7177%/371’

which is the Beta distribution Bé | r + a,n — r + ).

Suppose, for example, that in the light of precedent surveys, available infor-
mation on the proportiod of citizens who would vote for a particular political
measure in a referendum is described by a Beta distributidf |Bé, 50), so that
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Figure 2. Prior and posterior densities of the proportiérof citizens
that would vote in favour of a referendum.

it is judged to be equally likely that the referendum would be won or lost, and it is
judged that the probability that either side wins less than 60% of the vote is 0.95.

A random survey of size 1500 is then conducted, where only 720 citizens
declare to be in favour of the proposed measure. Using the results above, the
corresponding posterior distribution is then(B&770,830). These prior and the
posterior densities are plotted in Figure 2; it may be appreciated that, as one would
expect, the effect of the data is to drastically reduce the initial uncertainty on the
value off and, hence, on the referendum outcome. More precisely,

Pr(6 < 0.5|720,1500, H, K) = 0.933

(shaded region in Figure 2) so that, after the information from the survey has been
included, the probability that the referendum will be lost should be judged to be
about 93%.

The general situation where the vector of interest is not the whole parameter
vectorw, but some functiof = 0(w) of possibly lower dimension thaa, will now
be considered. Led be some observed data, {e{ D | w),w € Q} be a probability
model assumed to describe the probability mechanism which has genératsd
p(w) be a probability distribution describing any available information on the value
of w, and letd = 8(w) € © be a function of the original parameters over whose
value inferences based on the dataare required. Any valid conclusion on the
value of thevector of interest will then be contained in its posterior probability
distributionp(@ | D) which is conditional on the observed dd?eand will naturally
also depend, although not explicitly shown in the notation, on the assumed model
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{p(D|w),w € Q}, and on the available prior information encapsulatechfay).
The required posterior distributigr{@ | D) is found by standard use of probability
calculus. Indeed, by Bayes’ theorepiw | D) « p(D |w)p(w). Moreover, let
A = A(w) € A be some other function of the original parameters suchqdhat
{8, A} is a one-to-one transformation af, and letJ(w) = (0v/0w) be the
corresponding Jacobian matrix. Naturally, the introductiolAd$ not necessary
if 8(w) is a one-to-one transformation af. Using standard change-of-variable
probability techniques, the posterior densityyofs

p(w | D)}
| J(w) | w=w ()

and the required posterior @ is the appropriatenarginal density, obtained by
integration over thauisance parametex,

p(t| D) = p(6,A| D) = [ (10)

p(0]D) :/Ap(G,MD) dA. (11)

Notice that elimination of unwanted nuisance parameters, a simple integration
within the Bayesian paradigm is, however, a difficult (often polemic) problem for
conventional statistics.

Sometimes, the range of possible valueswofs effectively restricted by
contextual considerations. df is known to belong té2. C (2, the prior distribution
is only positive inf). and, using Bayes’ theorem, it is immediately found that the
restricted posterior is

pw|Dwen)=-2elD) g (12)

Jo. p(w|D)
and obviously vanishes i ¢ Q.. Thus, to incorporate a restriction on the
possible values of the parameters, it sufficestmrmalizehe unrestricted posterior
distribution to the sef). C Q of parameter values which satisfy the required
condition. Incorporation of known constraints on the parameter values, a simple
renormalization within the Bayesian paradigm, is another very difficult problem for
conventional statistics.

Example 3. (Inference on normal parameteist D = {z4, ... z,,} be arandom
sample from a normal distributiaN (z | 4, o). The corresponding likelihood func-
tion is immediately found to be

p(D|p,0) oo™ expl-n{s* + (T — u)*}/(20°)],

with nz = >, z;, andns® = > .(z; — T)%. It may be shown (see Section 5)
that absence of initial information on the value of batlando may formally be
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described by a joint prior function which is uniform in bothandlog(o), that
is, by the (improper) prior functiop(i,0) = o~!. Using Bayes’ theorem, the
corresponding joint posterior is

p(p,o | D) oc o~ " exp[—n{s* + (T — p)*}/(20%)]. (13)

Thus, using the Gamma integral in terms\of o2 to integrate out,

n

D) [ o oxp | = 1 4 0 ] do o 5+ (7 )
0 g

(14)

which is recognized as a kernel of the Student density St, s/v/n — 1,n — 1).

Similarly, integrating ouf,

2
%‘2[52 + (T — M)Q]] dp < o~ " exp {%] .
(15)
Changing variables to the precisian= o2 results inp(\ | D) oc A1=3)/2¢n5?A/2,
a kernel of the Gamma density G4 (n — 1)/2,ns%/2). In terms of the standard
deviation o this becomeg (o | D) = p(\|D)|ON/do| = 2073Gao?|(n —
1)/2,ns?/2), a square-root inverted gamma density.

A frequent example of this scenario is provided by laboratory measurements
made in conditions where central limit conditions apply, so that (assuming no
experimental bias) those measurements may be treated as a random sample from
a normal distribution centred at the quantityhich is being measured, and with
some (unknown) standard deviationSuppose, for example, that in an elementary
physics classroom experiment to measure the gravitationalfigith a pendulum,

a student has obtained = 20 measurements gf yielding (in m/seé) a mean

T = 9.8087, and a standard deviation= 0.0428. Using no other information,
the corresponding posterior distributionzigg | D) = St(g|9.8087,0.0098, 19)
represented in Figure 3(a). In particular(®788 < ¢g < 9.829|D) = 0.95, so
that, with the information provided by this experiment, the gravitational field at the
location of the laboratory may be expected to lie betw2&88 and9.829 with
probability0.95.

Formally, the posterior distribution gfshould be restricted ip> 0; however,
as immediately obvious from Figure 3a, this would not have any appreciable effect,
due to the fact that the likelihood function is actually concentrated on posgitive
values.

Suppose now that the student is further instructed to incorporate into the
analysis the fact that the value of the gravitational field the laboratory is known

p(o| D) / o~ "D exp {

[o¢]
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Figure 3.  Posterior densityp(g|m,s,n) of the valueg of the
gravitational field, givenn = 20 normal measurements with mean
m = 9.8087 and standard deviation = 0.0428, with no additional
information (upper panel), and with the valuegfestricted to region
G. = {g;9.7803 < g < 9.8322} (lower panel). Shaded areas
represen®5%-credible regions of.

to lie betweerd.7803 m/seé (average value at the Equator) and322 m/seé
(average value at the poles). The updated posterior distribution will the be

St(g|m,s/vn—1,n) ,
fgch Stlg|m,s/v/n—1,n)

represented in Figure 3(b), whe€e. = {g; 9.7803 < g < 9.8322}. One-
dimensional numerical integration may be used to verify thgf Br9.792| D, g €

G.) = 0.95. Moreover, if inferences about the standard deviatiafthe measure-

ment procedure are also requested, the corresponding posterior distribution is found
to bep(o | D) = 2073Ga(o~%|9.5,0.0183). This has a mean[& | D] = 0.0458

and yields P(0.0334 < o < 0.0642 | D) = 0.95.

p(ngngGc): gEGD (16)
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3.2. Predictive Distributions

LetD = {xy,...,x,}, z; € X, beasetofexchangeable observations, and consider
now a situation where it is desired to predict the value of a future observatioX
generated by the same random mechanism that has generated the tdtdlows

from the foundations arguments discussed in Section 2 that the solution to this
prediction problem is simply encapsulated by ghvedictivedistributionp(x | D)
describing the uncertainty on the value thawill take, given the information
provided byD and any other available knowledge. Suppose that contextual informa-
tion suggests the assumption that d&tenay be considered to be a random sample
from a distribution in the family{p(z |w),w € Q}, and letp(w) be a prior
distribution describing available information on the valuesofSincep(x | w, D) =

p(x |w), it then follows from standard probability theory that

p(| D) = /mew)p(ww)dw,

whichis an average of the probability distributiongzafonditional on the (unknown)
value ofw, weighted with the posterior distribution af given D.

Ifthe assumptions on the probability model are correct, the posterior predictive
distributionp(x | D) will converge, as the sample size increases, to the distribution
p(x |w) which has generated the data. Indeed, the best technique to assess the
quality of the inferences about encapsulated ip(w | D) is to check against the
observed data the predictive distributipfx | D) generated by(w | D).

Example 4. (Prediction in a Poisson procesisg¢t D = {ry,...,r,} be arandom
sample from a Poisson distribution i \) with parametenr\, so thatp(D | \) «
Ae " wheret = > r;. It may be shown (see Section 5) that absence of initial
information on the value ok may be formally described by the (improper) prior
functionp(\) = A~1/2, Using Bayes’ theorem, the corresponding posterior is

p</\ ‘ D) o )\te—)\n )\—1/2 o )\t—l/Qe—)\n’ (17)

the kernel of a Gamma density Gd , ¢ + 1/2,n), with mean(t + 1/2)/n. The
corresponding predictive distribution is the Poisson-Gamma mixture

nt2 1 T+t +1/2)
(t+1/2) 7 (14 n)+172

(18)
Suppose, for example, that in a firm producing automobile restraint systems, the
entire production in each of0 consecutive months has yielded no complaint
from their clients. With no additional information on the average numbef

p(rD)z/OOOPr‘(r|)\)Ga()\|,t+%,n)d)\:F
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complaints per month, the quality assurance department of the firm may report
that the probabilities that complaints will be received in the next month of
production are given by equation (18), with= 0 andn = 10. In particular,

p(r = 0| D) = 0.953, p(r = 1| D) = 0.043, andp(r = 2| D) = 0.003.

Many other situations may be described with the same model. For instance, if
meteorological conditions remain similar in a given argl@, = 0| D) = 0.953

would describe the chances of no flash flood next year, given 10 years without flash
floods in the area.

Example 5. (Prediction in a Normal processionsider now prediction of a
continuous variable. Leb = {zy,...,z,} be a random sample from a normal
distributionN (z | i, o). As mentioned in Example 3, absence of initial information
on the values of botpp ando is formally described by thenproperprior function
p(u, o) = o~1, and this leads to the joint posterior density (13). The corresponding
(posterior) predictive distribution is

pal D)= [ [ NG lno) ol | D) dudo

p(z| D) :St<a: z, s\/ﬁ n—l). (19)

If 1 is known to be positive, the appropriate prior function will be the restricted
prior function

leading to

_Jo b ifu>o0
Pl o) = {0 otherwise. (20)
However, the result in equation (19) will still hold, provided the likelihood function
p(D | u, o) is concentrated on positiyevalues. Suppose, for example, that in the
firm producing automobile restraint systems, the observed breaking strengths of
n = 10 randomly chosen safety belt webbings have mgaa 28.011 kN and
standard deviatios = 0.443 kN, and that the relevant engineering specification
requires breaking strengths to be larger théarkN. If data may truly be assumed
to be a random sample from a normal distribution, the likelihood function is only
appreciable for positive values, and only the information provided by this small
sample is to be used, then the quality engineer may claim that the probability that a
safety belt randomly chosen from the same batch as the sample tested would satisfy
the required specification is @ > 26| D) = 0.9987. Besides, if production
conditions remain constar#9.87% of the safety belt webbings may be expected to
have acceptable breaking strengths.
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3.3. Asymptotic Behaviour

The behaviour of posterior distributions when the sample size is large is now
considered. This is important for, at least, two different reasons: (i) asymptotic
results provide useful first-order approximations when actual samples are relatively
large, and (ii) objective Bayesian methods typically depend on the asymptotic
properties of the assumed model. Bt= {x;,...,x,}, ¢ € X, be a random
sample of sizen from {p(xz|w),w € Q}. It may be shown that, as — oo,

the posterior distributiop(w | D) of adiscreteparametetw typically converges to

a degenerate distribution which gives probability one to the true value aind

that the posterior distribution of @ontinuousparametetw typically converges to

a normal distribution centred at itsaximum likelihood estimate (MLE), with a
variance matrix which decreases witlas1/n.

Consider first the situation whefe = {w;,w», ...} consists of &ountable
(possibly infinite) set of values, such that the probability model which corresponds
to the true parameter value, is distinguishablgrom the others in the sense that
the logarithmic divergencé{p(x |w;) | p(x|w:)} of each of thep(x |w;) from
p(x | wy) is strictly positive. Taking logarithms in Bayes’ theorem, defining=
logp(x; |w;)/p(x;|w:)], j = 1,...,n, and using the strong law of large numbers
on then conditionally independent and identically distributed random quantities
21, .- -, Zn, it may be shown that

7}Lngop(wt |Z1,...,z,) =1, T}er;p(wi |Z1,...,z,) =0, i#t (21)
Thus, under appropriate regularity conditions, the posterior probability of the true
parameter value converges to one as the sample size grows.

Consider now the situation whekeis ak-dimensionatontinuougparameter.
Expressing Bayes’ theorem as

p(w]|xy,...,x,) < exp{log[p(w)] + Z logp(x; | w)]},

expanding _; log[p(z; | w)] about its maximum (the ML), and assuming regu-
larity conditions (to ensure that terms of order higher than quadratic may be ignored
and that the sum of the terms from the likelihood will dominate the term from the
prior) it is found that the posterior density ©fis the approximaté-variate normal

pwl|x,...,x,) =~ N{@w, S(D,w)}, (22)

where

n

S D,w) = (—Z%W)'
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A simpler, but somewhat poorer, approximation may be obtained by using
the strong law of large numbers on the sums in (22) to establish that
S™(D,w) ~nF(),

whereF (w) is Fisher’s information matrixwith general element

Fw) == [ plelw) LT e, (23)
so that
pw|xy,...,x,) =~ Np(w|@,n ' FY®)). (24)

Thus, under appropriate regularity conditions, the posterior probability density of
the parameter vectos approaches, as the sample size grows, a multivariate normal
density centred at the MLE, with a dispersion matrix which decreases with
asn~!.

Example 2. (Inference on a binomial parameter, continued}.D = (x, ..., x,)
consist ofn independent Bernoulli trials with parametgrso thatp(D | 0,n) =
0"(1 — 6)"". This likelihood function is maximized at = r/n, and Fisher's
information function isF'(6) = 0~'(1 — #)~!. Thus, using the results above, the
posterior distribution of will be the approximate normal,

p(0]r,n) = N(0[0,5(0)/v/n), s(0)={0(1-0)}'" (25)

with meand = r/n and variance(1 — )/n. This will provide a reasonable
approximation to the exact posterior if (i) the prief) is relatively “flat” in the
region where the likelihood function matters, and (ii) botandn are moderately
large. If, say;n = 1500 andr = 720, this leads tg(0 | D) ~ N(6|0.480,0.013),
and to P(d > 0.5| D) ~ 0.940, which may be compared with the exact value
Pr(6 > 0.5| D) = 0.933 obtained from the posterior distribution which corresponds
to the prior B&6 | 50, 50).

It follows from thejoint posterior asymptotic behaviour af and from the
properties of the multivariate normal distribution that, if the parameter vector is
decomposed intw = (0, A), and Fisher’s information matrix is correspondingly
partitioned, so that

ro-ron- (TN RGN) @

and
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S(0,A) =F 16, = (599(9%) Sex(@,i\\)

; 27
S (0,X)  Sx(6, )) @7)
then themarginal posterior distribution of will be

p(e‘D) ~ N{0|é7 n! Sgg(é,X)}, (28)
while theconditionalposterior distribution of given will be

p(A]0,D) =~ N{X| XA = F;} (0, \)F(0,X)(0 — 0), n ' F;1(6,\)}. (29)

Notice thatF';| = S, if (and only if) F is block diagonali.e., if (and only if) 8
and\ are asymptotically independent.

Example 3. (Inference on normal parameters, continuéd).D = (x1,...,x,)

be a random sample from a normal distributiofuNu, o). The corresponding
likelihood functionp(D | i, o) is maximized atji, &) = (T, s), and Fisher’s matrix

is diagonal, withF},, = o~2. Hence, the posterior distribution pfs approximately
N(u |, s//n). This may usefully be compared with tesactresultp(u | D) =
St(u| T, s/v/n —1,n — 1), obtained previously under the assumption of no prior
knowledge.

4. Inference Summaries

From a Bayesian viewpoint, the final outcome of a problem of inference alpgut
unknown quantity is nothing but the corresponding posterior distribution. Thus,
given some datd and conditiong”, all that can be said about any functianof

the parameters which govern the model is contained in the posterior distribution
p(w| D, C), andall that can be said about some functigmf future observations

from the same model is contained in its posterior predictive distribptign D, C').

As mentioned before, Bayesian inference may technically be described as a decision
problem where the space of available actions is the class of those posterior probability
distributions of the quantity of interest which are compatible with accepted assump-
tions.

However, to make it easier for the user to assimilate the appropriate con-
clusions, it is often convenient teummarizethe information contained in the
posterior distribution by (i) providing values of the quantity of interest which, in the
light of the data, are likely to be “close” to its true value and by (ii) measuring the
compatibility of the results with hypothetical values of the quantity of interest which
might have been suggested in the context of the investigation. In this section, those
Bayesian counterparts of traditioredtimatiorandhypothesis testingroblems are
briefly considered.
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4.1. Estimation

In one or two dimensions, a graph of the posterior probability density of the quantity
ofinterest (or the probability mass function in the discrete case) immediately conveys
an intuitive, “impressionist” summary of the main conclusions which may possibly
be drawn on its value. Indeed, this is greatly appreciated by users, and may be
guoted as an important asset of Bayesian methods. From a plot of its posterior
density, the region where (given the data) a univariate quantity of interest is likely to
lie is easily distinguished. For instance, all important conclusions about the value
of the gravitational field in Example 3 are qualitatively available from Figure 3.
However, this does not easily extend to more than two dimensions and, besides,
guantitativeconclusions (in a simpler form than that provided by the mathematical
expression of the posterior distribution) are often required.

Point Estimation. Let D be the available data, which are assumed to have been
generated by a probability modgh(D | w),w € Q}, and letd = 8(w) € O be the
quantity of interest. Apoint estimatof @ is some function of the daa = é(D)

which could be regarded as an appropriate proxy for the actual, unknown value of
6. Formally, to choose a point estimate &is adecision problenwhere the action
space is the clag® of possibled values. From a decision-theoretic perspective,

to choose a point estimateof some quantityd is a decisionto act as thougl®

were 6, not to assert something about the valuefofalthough desire to assert
something simple may well be the reason to obtain an estimate). As prescribed by
the foundations of decision theory (Section 2), to solve this decision problem it is
necessary to specifylass functionZ(8, #) measuring the consequences of acting
as if the true value of the quantity of interest wetewhen it is actuallyd. The
expected posterior loss@were used is

70| D] = /@ L(8,8) p(6| D) db, (30)

and the correspondiriayes estimatof” is that function of the dat®* = 6"(D),
which minimizes this expectation.

Example 6. (Conventional Bayes estimatoispr any given model and data, the
Bayes estimator obviously depends on the chosen loss function. The loss function
is context specific, and should be chosen in terms of the anticipated uses of the
estimate; however, a number of conventional loss functions have been suggested
for those situations where no particular uses are envisaged. These loss functions
produce estimates which may be regarded as simple descriptions lotcti®n

of the posterior~distribut~ion. For example, if the loss function is quadratic, so
that L(0,0) = (6 — 6)'(6 — 0), then the Bayes estimator is tpesterior mean

0" = E[0| D], assuming that the mean exists. Similarly, if the loss function is a
zero-one function, so thdt(#,0) = 0 if 6 belongs to a ball or radiuscentred
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in @ andL (0, #) = 1 otherwise, then the Bayes estimafrtends to thegosterior
modeas the ball radius tends to zero, assuming that a unique mode exissislf
univariate and the loss function is linear, so théf, 6) = ¢, (60 — 6) if § > 0, and
L(6,0) = ¢»(0 — §) otherwise, then the Bayes estimator issterior quantileof
ordercy/(c1 + ¢2), sothat Pl < 0*] = ¢y/(c1 + ¢2). In particular, ife; = o, the
Bayes estimator is thgosterior median The results derived for linear loss functions
clearly illustrate the fact thanypossible parameter value may turn out be the Bayes
estimator: it all depends on the loss function describing the consequences of the
anticipated uses of the estimate.

Example 7. (Intrinsic estimation)Conventional loss functions are typically non-
invariant under reparametrization, so that the Bayes estingdtof a one-to-one
transformationg = ¢(8) of the original parametef is not necessarilyp(6*)

(the univariate posterior median, whicls invariant, is an interesting exception).

Moreover, conventional loss functions focus on the “distance” between the estimate
6 and the true valu@, rather then on the “distance” between the probability models
they label. Intrinsic losses directly focus on how different the probahitibdel
p(D |6, ) is from its closest approximation within the family

{p(D]6,X\;),\; € A},

and typically produce invariant solutions. An attractive example isith@sic
discrepancyé(éﬁ) defined as the minimum logarithmic divergence between a
probability model labelled bg and a probability model labelled i When there
are no nuisance parameters, this is given by

3(0.0) = min{h(810). k(0 |9)} (1)
where (t16))
10, = 3 Jog PAV1T5
k0.10)) = [ (t]0,) 105 BB at.

andt = t(D) € T is any sufficient statistic (which may well be the whole data
setD). The definition is easily extended to problems with nuisance parameters; in
this case,

8(6,0,X) = min §(6, \;, 0, ) (32)
)\,jEA
measures the logarithmic divergence frp(t | 6, A) of its closest approximation
with @ = 6, and the loss function now depends on the complete parameter vector
(6, X). Although not explicitly shown in the notation, the intrinsic discrepancy
function typically depends on the sample sizéndeed, when the data consist of a
random sampl® = {z,, ..., x,} from some modep(z | §) then
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p(x|0)
p(z|0;)

so that the intrinsic discrepancy associated with the full model is simpignes

the intrinsic discrepancy which corresponds to a single observation. The intrinsic
discrepancy is a symmetric, non-negative loss function with a direct interpretation
in information-theoretic terms as the minimum amount of information which is
expected to be necessary to distinguish between the mgde| 0, \) and its
closest approximation within the clagp(D |6, \;),\; € A}. Moreover, it is
invariant under one-to-one reparametrization of the parameter of in#restd

does not depend on the choice of the nuisance parathefdreintrinsic estimator

is naturally obtained by minimizing the posterior expected intrinsic discrepancy

k(6;]6) = n/Xp(m |9)log de (33)

d(é\D):/A/eé(é,O,A)p(O,MD) d@d. (34)

Since the intrinsic discrepancy is invariant under reparametrization, minimizing its
posterior expectation produces invariant estimators.

Example 2. (Inference on a binomial parameter, continudd)the estimation
of a binomial proportiord, given dataD = (n,r) and a Beta prior B@ | o, ),
the Bayes estimator associated with the quadratic loss (the corresponding posterior
mean) isE[f | D] = (r + «)/(n+ o+ 3), while the quadratic loss based estimator
of, say, the log-oddg(0) = log[0/(1—0)],isE[¢| D] = ¥(r+a) —¢(n—r+3)
(wherey(z) = dlog[I'(z)]/dz is the digammafunction), which isnot equal to
¢(FE[0| D]). The intrinsic loss function in this problem is

5(0,6) = n min{k(0|0),k(0]6)} (35)

where

0; 1-0;
k(07|0]) :9J10ge—z + (1 70j)10g 1 —HZ ’
and the corresponding intrinsic estimafoiis obtained by minimizing the expected
posterior lossd(¢| D) = [46(6,0)p(0|D)df. The exact value of* may be
obtained by numerical minimization, but a very good approximation is given by

g T2

- n+ao (36)

In particular, with no prior information, the reference prior igBg1, 1) and, hence,
the objective intrinsic estimator is approximatéiy+ 1/4)/(n + 1/2).

Since intrinsic estimation is an invariant procedure, the intrinsic estimator of
the log-odds will simply be the log-odds of the intrinsic estimatot).ofAs one
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would expect, when + « andn — r + 3 are both large, all Bayes estimators of any
well-behaved functiom(6) will cluster aroundp(E[6 | D]).

Interval Estimation.To describe the inferential content of the posterior distribution
of the quantity of interesp(@ | D) it is often convenient to quote regiotis C ©
of given probability undep(8 | D). For example, the identification of regions
containing50%, 90%, 95%, or 99% of the probability under the posterior may be
sufficient to convey the general quantitative messages impligitdn D); indeed,
this is the intuitive basis of graphical representations of univariate distributions like
those provided by boxplots. Any regidd C © such that[, p(@ | D)dé = ¢ (so
that, given dataD, the true value o) belongs toR with probability ¢), is said
to be a posterioy-credible regionof 6. Notice that this provides immediately a
direct intuitive statement about the unknown quantity of inteéest probability
terms, in marked contrast to the circumlocutory statements provided by frequentist
confidence intervals. Clearly, for any giverthere are generally infinitely many
credible regions. A credible region is invariant under reparametrization; thus, for
anyg-credible regiorR of 8, ¢(R) is ag-credible region ofp = ¢(0). Sometimes,
credible regions are selected to have minimum size (length, area, volume), resulting
in highest probability densitfHPD) regions, where all points in the region have
larger probability density than all points outside. However, HPD regionsiatre
invariant under reparametrization: the imag@R) of an HPD regionR will be a
credible region forp, but will not generally be HPD; indeed, there is no compelling
reason to restrict attention to HPD credible regions. Posterior quantiles are often
used to derive credible regions. Thugjf= 6,(D) is the100¢% posterior quantile
of8,thenRk = {0; 6 < 6,} isaone-sided, typically uniquecredible region, and it
is invariant under reparametrization. Indepahbability centred;-credible regions
of the formR = {6; 6(,_;),» < 0 < 8,2} are easier to compute, and are often
guoted in preference to HPD regions.

A better alternative is to use a loss functiéiid, §). A Lowest Posterior
Loss (LPL)g-credible regionR is then defined a-credible region such that all the
elements in the region have smaller posterior loss than those outside, such
that

/p<9|D>de:q, V6, € R0y ¢ R T(6| D) < (62| D),
R

where
£6:10) = [ 1(0.0)p(0| D) ab.
©
Intrinsic, invariant loss functions will produdevariantLPL credible regions. The
intrinsic discrepancy loss (35) produces very attractive results.

Example 3. (Inference on normal parameters, continuetf).the numerical
example about the value of the gravitational field described in the upper panel



80 José-Miguel Bernardo

of Figure 3, the intervad.788,9.829] in the unrestricted posterior density pfs a
HPD, 95%-credible region fog and it is also an intrinsic LDL region. The interval
[9.7803,9.8322] in the lower panel of Figure 3 is also an intrinsic LBL%-credible
region forg, but it is not HPD.

The concept of a credible region for a functi@n= 6(w) of the parameter
vector is trivially extended to prediction problems. Thus, a posteroredible
region forr € X is a subsefR? of the outcome spac¥& with posterior predictive
probability ¢, so that[, p(x | D)dx = q.

4.2. Hypothesis Testing

The posterior distributiop(8 | D) of the quantity of interes® conveys immediate
intuitive information on those values @fwhich, given the assumed model, may be
taken to becompatiblewith the observed dat®, namely, those with a relatively
high probability density. Sometimes,restriction8 € ©, C O of the possible
values of the quantity of interest (whe®g may possibly consists of a single value
6,) is suggested in the course of the investigation as deserving special consideration,
either because restrictiyo O, would greatly simplify the model, or because there
are additional, context specific arguments suggestingtta©,. Intuitively, the
hypothesisH, = {6 € ©,} should be judged to beompatiblewith the observed
dataD if there are elements B, with a relatively high posterior density. However,
amore precise conclusion is often required and, once again, this is made possible by
adopting a decision-oriented approach. Formally, testing the hypoftigsis{0 <
O} is adecision problenwhere the action space has only two elements, namely
to accept ¢,) or to reject ;) the proposed restriction. To solve this decision
problem, itis necessary to specify an appropriate loss fundfign, €), measuring
the consequences of accepting or rejecttfigas a function of the actual value
of the vector of interest. Notice that this requires the statement akamativea,
to acceptingHy; this is only to be expected, for an action is taken not because it is
good, but because it is better than anything else that has been imagined.

Given dataD, the optimal action will be to rejectl, if (and only if) the
expected posterior loss of accepting, L(ao,0) p(@| D) db, is larger than the
expected posterior loss of rejecting, L (a1, 8) p(6 | D) d@, that s, if (and only if)

/[L(aO,O) — L(ay,0)]p(0| D)do = / AL(6)p(0|D)d6 > 0.  (37)
(S} ©

Therefore, only the loss differenceL(0) = L(ay, 8) — L(aq, 8), which measures
the advantageof rejecting Hy as a function o, has to be specified. Thus, as
common sense dictates, the hypothégjshould be rejected whenever the expected
advantage of rejecting, is positive.
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A crucial element in the specification of the loss function is a description
of what is actually meant by rejecting,. By assumptioru, means to acas if
H, were true,j.e, as if@ € 0, but there are at least two obvious options for the
alternative actiom, . This may either mean (i) theegationof Hy, that is to act as if
0 ¢ O, or, alternatively, it may rather mean (ii) to reject the simplification implied
by H, and to keep the unrestricted mod@l,c ©, which is true by assumption.
Both options have been analyzed in the literature, although it may be argued that
the problems of scientific data analysis where hypothesis testing procedures are
typically used are better described by the second alternative. Indeed, an established
model, identified by, = {6 € Oy}, is often embedded into a more general model,
{6 € ©,0, C ©}, constructed to include possibly promising departures figmn
and it is required to verify whether presently available datare still compatible
with 6 € 0, or whether the extension the © is really required.

Example 8. (Conventional hypothesis testind)et p(@ | D), 6 € ©, be the
posterior distribution of the quantity of interest, égtbe the decision to work under
the restrictiorf € ©, and leta, be the decision to work under the complementary
restrictiond ¢ ©,. Suppose, moreover, that the loss structure has the simple,
zero-one form given by L(ao,0) = 0, L(ay,0) = 1} if 8 € ©y and, similarly,
{L(ap,0) = 1,L(a;,0) = 0} if 8 ¢ O, so that theadvantageAL(0) of
rejecting Hy is 1 if & ¢ O, and it is —1 otherwise. With this loss function
it is immediately found that the optimal action is to rejdé if (and only if)
Pr@ ¢ ©yg|D) > Pr(@ € ©y|D). Notice that this formulation requires that
Pr@ € ©y) > 0, that is, that the hypothesiH, has a strictly positive prior
probability. If @ is a continuous parameter afg has zero measure (for instance
if H, consists of a single poirly), this requires the use of a non-regular “sharp”
prior concentrating a positive probability mass®gn

Example 9. (Intrinsic hypothesis testing)Again, letp(6| D), 6 € ©, be
the posterior distribution of the quantity of interest, anddgtbe the decision
to work under the restrictio® € ©,, but leta; now be the decision to keep
the general, unrestricted model€ ©. In this case, the advantageL(6) of
rejectingH, as a function ob may safely be assumed to have the fakh(6) =
d(0©y,0) — d*, for somed* > 0, where (i) d(O,,8) is some measure of the
discrepancy between the assumed mqdé? | 8) and its closest approximation
within the class(p(D | 0y),0, € Oy}, such thail(©,, 0) = 0 wheneve® € O,
and (ii) d* is a context dependentility constantwhich measures the (necessarily
positive) advantage of being able to work with the simpler model when it is true.
Choices of bothi(©y, 8) andd* which may be appropriate for general use will now
be described.
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For reasons similar to those supporting its use in point estimation, an attractive
choice for the functiori(©y, 8) is an appropriate extension of the intrinsic discre-
pancy; when there are no nuisance parameters, this is given by

6(60,0) = ainf min{k (6| 6), k(6]60)} (38)

0€%0
wherek (0, |6;) = [, p(t|0;)log{p(t|8;)/p(t|0;)}dt, andt = t(D) € T isany

sufficient statistic, which may well be the whole data BetAs before, if the data
D ={x,...,z,} consist of a random sample fropix | 8), then

p(z]6;)
p(z]6:)

Naturally, the loss functiod (0, 8) reduces to the intrinsic discrepané{d,, 8)

of Example 6 wher®, contains a single eleme#. Besides, as in the case of
estimation, the definition is easily extended to problems with nuisance parameters,
leading to

6:16,) =n [ ple|6;)loz dz. (39)

5(@(), (9, )\)) = 0 (j)nf}\o A5{(9(), A()), (0, )\)} (40)
0€90; €

The (null) hypothesidi, should be rejected if (and only if) the posterior expected
advantage of rejecting is too larges,, iff

d(©g| D) = /{\/@5(@07 (0,2\)}p(6,X|D)dOdX > d~, (41)

for somed* > 0. It is easily verified that the functiod(©,, D) is nonnegative.
Moreover, if¢ = ¢(0) is a one-to-one transformation 6f then

d(¢(©0), D) = d(©9, D),

so that—as one should surely require—the expected intrinsic loss of rejéfting
is invariant under reparametrization.

It may be shown that, as the sample size increases, the expected value of
d(©y, D) under sampling tends to one whéfy is true, and tends to infinity
otherwise; thus théntrinsic statisticd(©,, D) may be regarded as a continuous,
positive measure of how inappropriate (in loss of information units) it would be
to simplify the model by acceptingf,. In traditional languagei(©,, D) is atest
statisticfor Hy and the hypothesis should be rejected if the valuk©f,, D) exceeds
somecritical value d*. However, in sharp contrast to conventional hypothesis
testing, this critical valud* is a context specific, positive utility constatit which
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may precisely be described as the numbenfifrmation unitswhich the decision
maker is prepared to lose in order to be able to work with the simpler nigdelnd

does not depend on the sampling properties of the probability model. The procedure
may be used with standard, continuous regular priors eveshamp hypothesis
testing, wher®, is a zero-measure set (as would be the cagesfcontinuous and

Oy contains a single poirfly). Naturally, to implement the test, the utility constant

d* which defines the rejection region must be chosen.

It is easily verified from its definition that the intrinsic discrepancy between
two probability models is the minimum expected value of their log-likelihood ration.
Thus using, say* = log(100) =~ 4.6 as the required threshold, is to reject a null
hypothesis when the data may be expected to be about 100 times more likely under
a model labelled by a value éfwhich doesnotbelong to®, than under a model
labelled by the best estimate &f

All measurements are based on a comparison with a standard; comparison
with the “canonical” problem of testing a valye= 1, for the mean of a normal
distribution with known variance (see below) makes it possibleaiibrate this
information scalewith respect to a well known situation. Values&({©,, D) of
aboutl should be regarded as an indication of no evidence agaifnssince the
expected value of(©, D) underH, is exactly equal to one. Values ¢{0,, D)
of about2.5 ~ log(12), and5 ~ log(148) should be respectively regarded as an
indication of mild evidence againgf,, and significant evidence againgt since
(see the details below), in the canonical normal problem, these values correspond to
the observed sample meamespectively lying 2 or 3 posterior standard deviations
from the null valueu,, and the data would respectively be 12 and 148 times more
likely to have been observed from a value# 1. Notice that, in sharp contrast
to frequentist hypothesis testing, where it is hazily recommended to adjust the
significance level for dimensionality and sample size, this provides an absolute
scale (in information units) which remains valid for any sample size and any
dimensionality.

Example 10. (Testing the value of a normal mea&m}.the dataD = {x1,...,z,}

be a random sample from a normal distributiofxNy, o), whereo is assumed to

be known, and consider the “canonical” problem of testing whether these data are
or are not compatible with some specific sharp hypothBsiss {1 = uo} on the

value of the mean.

The conventional approach to this problem requires a non-regular prior which
places a probability mass, spy, on the valug: to be tested, with the remaining-
po probability continuously distributed ov&. If this prior is chosento bg(u | 1 #
o) = N(u|po,00), Bayes theorem may be used to obtain the corresponding
posterior probability,
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Boi (D, \) po
P D = ) 42
o | D, N (1 = po) + po Bo1 (D, ) (42)
n\ 1/2 1 n
w1 e[ ] w

wherez = (T—uo)/(0/+/n) measures, in standard deviations, the distance between
7 and g and A\ = o2 /03 is the ratio of model to prior variance. The function
By (D, \), aratio of (integrated) likelihood functions, is called Bayes factoin
favour of Hy. With a conventional zero-one loss functidiy should be rejected

if Priuo | D, A\] < 1/2. The choiceg, = 1/2 andX = 1 or A = 1/2, describing
particular forms ofsharp prior knowledge, have been suggested in the literature
for routine use. The conventional approach to sharp hypothesis testing deals with
situations ofconcentrategrior probability; itassumesmportant prior knowledge
about the value of: and, hence, shouldot be used unless this is an appropriate
assumption. Moreover, as pointed out in the 1950's by Bartlett, the resulting
posterior probability is extremely sensitive to the specific prior specification. In
most applicationst is really a hazily defined small region rather than a point. For
moderate sample sizes, the posterior probabilifyHrD, ] is anapproximation

to the posterior probability Py — e < p < po — €| D, A] for some small
interval aroundu, which would have been obtained from a regular, continuous
prior heavily concentrated around; however, this approximatioalwaysbreaks
down for sufficiently large sample sizes. One consequence (which is immediately
apparent from the last two equations) is that for éirgdvalue of the pertinent
statisticz, the posterior probability of the null, Rry | D, \], tends to one as — .

Far from being specific to this example, this unappealing behaviour of posterior
probabilities based on sharp, non-regular priors (discovered by Lindley in the 1950's,
and generally known aksindley’s parado¥ is alwayspresent in the conventional
Bayesian approach &harphypothesis testing.

The intrinsic approach may be used without assuming any sharp prior know-
ledge. The intrinsic discrepancy d$uo, 1) = n(u — po)?/(20%), a simple trans-
formation of the standardized distance betweeand py. As later explained
(Section 5), absence of initial information about the valug: ahay formally be
described in this problem by the (improper) uniform prior funcgi¢n) = 1; Bayes’
theorem may then be used to obtain the corresponding (proper) posterior distribution,
p(pn|D) = N(u|Z,0/+/n). The expected value @1, ;1) with respect to this
posteriorisi(ug, D) = (1+22)/2, wherez = (T—puy) /(o /+/n) isthe standardized
distance betweem and . As foretold by the general theory, the expected value
of d(uo, D) under repeated sampling is oneuit= 1, and increases linearly with
n if 4 = po. Moreover, in this canonical example, to rejéf whenever|z| > 2
or|z| > 3, that is whenever is 2 or 3 posterior standard deviations away fram
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respectively corresponds to rejectifiy wheneverd(u, D) is larger tharR.5, or
larger than5. But the information scale is independent of the problem, so that
rejecting the null whenever its expected discrepancy from the true model is larger
thand* = 5 units of information is ayeneralrule (and one which corresponds to
the conventional3c’ rule in the canonical normal case).

If o is unknown, the intrinsic discrepancy becomes

d(ji0, 11, 7) = g log {1 n (%ﬂ (44)

Moreover, as mentioned before, absence of initial information aboutbatido

may be described by the (improper) prior functigu, o) = o~'. The intrinsic

test statisticd(u, D) is found as the expected value @€, 11, o) under the
corresponding joint posterior distribution; this may be exactly expressed in terms
of hypergeometric functions, and is approximated by

1 n t?
D)~ -+ -1 14 — 4
o, D)~ g+ 1ox (145, (45)
wheret is the traditional statistic = \/n — 1(Z — ) /s, ns* = 3 ;(x; — T)*. For
instance, for samples siz6s30 and 1000, and using the utility constamt = 5,
the hypothesigi, would be rejected whenevét is respectively larger thah025,
3.240, and3.007.

5. Reference Analysis

Under the Bayesian paradigm, the outcome of any inference problem (the posterior
distribution of the quantity of interest) combines the information provided by the
data with relevant available prior information. In many situations, however, either
the available prior information on the quantity of interest is too vague to warrant
the effort required to have it formalized in the form of a probability distribution,

or it is too subjective to be useful in scientific communication or public decision
making. It is therefore important to be able to identify the mathematical form
of a “noninformative” prior, a prior that would have a minimal effect, relative to
the data, on the posterior inference. More formally, suppose that the probability
mechanism which has generated the available flata assumed to bg(D |w),

for somew € €, and that the quantity of interest is some real-valued function

0 = 6(w) of the model parametes. Without loss of generality, it may be assumed
that the probability model is of the forp(D |9, \), 0 € ©, A € A, where is

some appropriately chosen nuisance parameter vector. As described in Section 3,
to obtain the required posterior distribution of the quantity of intepéét D) it is
necessary to specifyjaint prior p(6, A). Itis now required to identify the form of
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that joint priormy (6, A), thed-reference prior which would have aninimal effect
on the corresponding posterior distributiongof

(0] D) /A p(D10,A) 706, A) dA, (46)

a prior which, to use a conventional expression, “would let the data speak for
themselves” about the likely value 6f Properly defined, referenqaosterior
distributions have an important role to play in scientific communication, for they
provide the answer to a central question in the sciences: conditional on the assumed
modelp(D | 6, A), and on any further assumptions of the valué oh which there

might be universal agreement, the reference poste(idf D) should specify what

could be said aboud if the only available information aboétwere some well-
documented dat®.

Much work has been done to formulate “reference” priors which would make
the idea described above mathematically precise. This section concentrates on
an approach that is based on information theory to derive reference distributions
which may be argued to provide the most advanced general procedure available. In
the formulation described below, far from ignoring prior knowledge, the reference
posterior exploits certain well-defined features gbassibleprior, namely those
describing a situation were relevant knowledge about the quantity of interest (beyond
that universally accepted) may be held to be negligible compared to the information
about that quantity which repeated experimentation (from a particular data gene-
rating mechanism) might possibly provide. Reference analysis is appropriate in
contexts where the set of inferences which could be drawn inptgsiblesituation
is considered to be pertinent.

Any statistical analysis contains a fair number of subjective elements; these
include (among others) the data selected, the model assumptions, and the choice
of the quantities of interest. Reference analysis may be argued to provide an
“objective” Bayesian solution to statistical inference problems in just the same sense
that conventional statistical methods claim to be “objective”: in that the solutions
only depend on model assumptions and observed data. The whole topic of objective
Bayesian methods is, however, subject to polemic; interested readers will find in the
bibliography some pointers to the relevant literature.

5.1. Reference Distributions

One parameter Consider the experiment which consists of the observation of
dataD, generated by a random mechanisf® | #) which only depends on a real-
valued parametet € ©, and lett = ¢(D) € T beany sufficient statistic (which
may well be the complete data 98). In Shannon’s general information theory, the
amount of informatiod?{T’, p(¢) } which may be expected to be provided Byor
(equivalently) byt(D), about the value of is defined by
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p(t,0)
p(tp(e)

4 = 0O
Iwﬂm-éémwng

which is equal to

p(@|t) }
=E /p@ t)lo do|,
t[ e) @18)log p(0)

the expected logarithmic divergence of the prior from the posterior. This is naturally
a functional of the prior p(#): the larger the prior information, the smaller the
information which the data may be expected to provide. The functitfddl, p(6)}

is concave, non-negative, and invariant under one-to-one transformatiahs of
Consider now the amount of informatiaff {T", p(#)} aboutf which may be
expected from the experiment which consisté afbnditionally independent repli-
cations{ty, ..., t;} of the original experiment. A8 — oo, such an experiment
would provide anymissing informatioraboutf which could possibly be obtained
within this framework; thus, aB — oo, the functionall? {T", p(¢)} will approach
the missing information about associated with the prigs(#). Intuitively, a 6-
“noninformative” prior is one whichmaximizes the missing informatiafouté.
Formally, if ;. () denotes the prior density which maximizE{T*, p(9)} in the
classP of strictly positive prior distributions which are compatible with accepted
assumptions on the value éf(which may well be the class @il strictly positive
proper priors) then thé-reference priorr(0) is the limit ask — oo (in a sense to
be made precise) of the sequence of priers(6), k = 1,2, ...}.

Notice that this limiting procedure isot some kind of asymptotic approxi-
mation, but an essential element of thefinitionof a reference prior. In particular,
this definition implies that reference distributions only depend orayenptotic
behaviour of the assumed probability model, a feature which greatly simplifies their
actual derivation.

Example 11. (Maximum entroplf)# may only take dinite number of values,
so that the parameter spaceds= {6,...,0,,} andp(0) = {p1,...,pm}, With
p; = Pr(§ = 6;), then the missing information associated 1q, . .., p,} may be
shown to be

khm I(){Tkap(e)} = H(pla s apm) = Z,.il Di IOg(pi)7 (48)
c— 00 1=

that is, theentropyof the prior distribution{ps, ..., pm}.

Thus, in the finite case, the reference prior is that withximum entropy
in the classP of priors compatible with accepted assumptions. Consequently,
the reference prior algorithm contains “maximum entropy” priors as the particular
case which obtains when the parameter spadmii®, the only case where the
original concept of entropy (in statistical mechanics, as a measure of uncertainty)
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is unambiguous and well-behaved. If, in particul@r,containsall priors over
{by,...,6,}, then the reference prior i8(¢) = {1/m,...,1/m}, the uniform
prior (proposed by Laplace under the principle of insufficient reason argument).

Formally, thereference prior functionr() of a univariate parametet is
defined to be the limit of the sequence of the proper prigfg) which maximize
I°{T* p(6)} in the precise sense that, for any value of the sufficient statistic
t(D), the reference posterigrthe pointwise limitw(6|t) of the corresponding
sequence of posteriofsr; (6 |t)}, may be obtained fromr(6) by formal use of
Bayes theorem, so tha{f | t) o p(t|0) 7 (6).

Reference pridiunctionsare often simply called reference priors, even though
they are usuallynot probability distributions. They shouldot be considered as
expressions of belief, but technical devices to obtain (proper) posterior distributions
which are a limiting form of the posteriors which could have been obtained from
possible prior beliefs which were relatively uninformative with respect to the quan-
tity of interest when compared with the information which data could provide.

If (i) the sufficient statisti¢ = ¢(D) is a consistent estimatéof a continuous
parametef, and (ii) the clas® containsall strictly positive priors, then the reference
prior may be shown to have a simple form in terms of asymptoti@pproximation
to the posterior distribution of. Notice that, by construction, aasymptotic
approximation to the posterior doest depend on the prior. Specifically, if the
posterior density(# | D) has an asymptotic approximation of the fopii# | 6, n),
the reference prior is simply

m(8) o< p(818,n)];_, (49)
One-parameter reference priors are shown timp&riantunder reparametrization;
thus, ifY) = 1(0) is a piecewise one-to-one functionttthen the)-reference prior

is simply the appropriate probability transformation of theeference prior.

Example 12. (Jeffreys’ prion)lf 4 is univariate and continuous, and the posterior
distribution off given{x; ..., z, } is asymptotically normal with standard deviation
5()/+/n, then, using (49), the reference prior functionri®) o s(#)~'. Under
regularity conditions (often satisfied in practice, see Section 3.3), the posterior
distribution ofé is asymptotically normal with variance F~(6), whereF'(9)

is Fisher's information function and is the MLE of §. Hence, the reference
prior function in these conditions is(#) oc F(#)'/2, which is known as Jeffreys’
prior. It follows that the reference prior algorithm contains Jeffreys’ priors as
the particular case which obtains when the probability model only depends on a
single continuous univariate parameter, there are regularity conditions to guarantee
asymptotic normality, and there is no additional information, so that the class of
possible priors? contains all strictly positive priors ov€¥. These are precisely the
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conditions under which there is general agreement on the use of Jeffreys’ prior as a
“noninformative” prior.

Example 2. (Inference on a binomial parameter, continuetgt dataD =
{z1,...,z,} consist of a sequence ofindependent Bernoulli trials, so that

p(z|0)=6°(1-0)"" xc{0,1};

thisis aregular, one-parameter continuous model, whose Fisher’s fundiigfis-

0-'(1 — 0)~'. Thus, the reference priar(6) is proportional tod~'/2(1 — 9)~1/2,

so that the reference prior is the (proper) Beta distributiof@B&/2,1/2). Since

the reference algorithm is invariant under reparametrization, the reference prior of
$(0) = 2arcsin\0 is w(¢) = n()/|0$/d/0| = 1; thus, the reference prior is
uniform on the variance-stabilizing transformatigiid) = 2arcsin v/4, a feature
generally true under regularity conditions. In terms of the original pararfietee
corresponding reference posterior isBgr +1/2,n —r +1/2), wherer = )" z;

is the number of positive trials.

600
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400 (0 ]r,n) = Be(6]0.5,100.5)
300
200

100

4
[}
0.01 0.02 0.03 0.04 0.05

Figure 4. Posterior distribution of the proportion of infected people
in the population, given the results af = 100 tests, none of which
were positive.

Suppose, for example, that = 100 randomly selected people have been
tested for an infection and that all tested negative, sosthat0. The reference
posterior distribution of the proportichof people infected is then the Beta distri-
bution B€6|0.5,100.5), represented in Figure 4. It may well be known that the
infection was rare, leading to the assumption that 6, for some upper bount;
the (restricted) reference prior would then be of the far(fh) oc 6~1/2(1 — §)~1/?
if & < 6y, and zero otherwise. However, provided the likelihood is concentrated
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in the regiond < 6, the corresponding posterior would virtually be identical to
Be(6|0.5,100.5). Thus, just on the basis of the observed experimental results, one
may claim that the proportion of infected people is surely smaller Hiaifor the
reference posterior probability of the eveht> 0.05 is 0.001), thatd is smaller
than0.01 with probability 0.844 (area of the shaded region in Figure 4), that it is
equally likely to be over or below.23% (for the median, represented by a vertical
line, is 0.0023), and that the probability that a person randomly chosen from the
population is infected i6.005 (the posterior mean, represented in the figure by a
black circle), since R = 1|r,n) = E[f|r,n] = 0.005. If a particular point
estimate ob is required (say a number to be quoted in the summary headline) the
intrinsic estimator suggests itself; this is found tode= 0.0032 (represented in

the figure with a white circle). Notice that the traditional solution to this problem,
based on the asymptotic behaviour of the MLE, fﬁemr/n = 0, for anyn, makes
absolutely no sense in this scenario.

One nuisance parametefhe extension of the reference prior algorithm to the case

of two parameters follows the usual mathematical procedure of reducing the problem
to a sequential application of the established procedure for the single parameter case.
Thus, if the probability model is(t| 0, )), 8 € ©, A € A and ad-reference prior

me(6, ) is required, the reference algorithm proceeds in two steps:

(i) Conditional ord, p(t | 6, A) only depends on the nuisance paramatand,
hence, the one-parameter algorithm may be used to obtatotttitionalreference
prior w(\ ] 0).

(i) If w(\|#) is proper, this may be used to integrate out the nuisance
parameter thus obtaining the one-parameter integrated model

p(t]) =/Ap<t|9,x>w<x|e>dx,

to which the one-parameter algorithm may be applied again to obtéin The6-
reference prior is themy (6, \) = 7 (A | 0) =(#), and the required reference posterior
isT(0|t) o< p(t]|0)m(H).

If the conditional reference prior isot proper, then the procedure is performed
within an increasing sequen¢a, } of subsets converging toover whichr (A | 0) is
integrable. This makes it possible to obtain a corresponding sequeficefefence
posteriorgw;(6 | t} for the quantity ofinterest, and the required reference posterior
is the corresponding pointwise limit(6 | ¢) = lim; 7;(0|t). A 6-reference prior
is then defined as a positive functian (6, A\) which may be formally used in
Bayes’ theorem as a prior to obtain the reference postdr@y,such that, for
anyt € T, n(0|t) o [, p(t]0,\)m(0,\)d\. The approximating sequences
should beconsistentlychosen within a given model. Thus, given a probability
model{p(z |w),w € 1} an appropriate approximating sequer€g} should be
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chosen for the whole parameter sp&ceThus, if the analysis is done in terms of,
say, v = {¢1,9¥2} € ¥(Q), the approximating sequence should be chosen such
that¥; = ¢(€;). A natural approximating sequence in location-scale problems is
{u,logo} € [—i,i]*

Thed-reference prior doestdepend on the choice of the nuisance parameter
A; thus, forany = (6, A) such thatd, v) is a one-to-one function @@, \), thed-
reference prior in terms b, ) is simply my (6, 1) = m(6,A)/|0(0,4)/0(0, N)|,
the appropriate probability transformation of theeference prior in terms of
(9, ). Notice, however, that the reference prinaydepend on the parameter of
interest; thus, thé-reference prior may differ from the-reference prior unless
either ¢ is a piecewise one-to-one transformationfofor ¢ is asymptotically
independent ofl. This is an expected consequence of the fact that the conditions
under which the missing information aballis maximized are not generally the
same as the conditions which maximize the missing information about some function
¢ = ¢(97 )‘)

Thenon-existencef a unique “noninformative prior” which would be appro-
priate for any inference problem within a given model was established in the 1970’s
by Dawid, Stone and Zidek, when they showed that this is incompatible with
consistent marginalizationIndeed, if given the model(D |6, \), the reference
posterior of the quantity of interest «(6 | D) = =(6|t), only depends on the
data through a statistic whose sampling distributiom(t |6, \) = p(t|8), only
depends o#, one would expect the reference posterior to be of the foffr ¢) «

m(0) p(t| 6) for some priorr(0). However, examples were found where this cannot
be the case if aniquejoint “noninformative” prior were to be used for all possible
guantities of interest.

Example 13. (Regular two dimensional continuous reference prior functitiise.

joint posterior distribution off, \) is asymptotically normal, then thereference
prior may be derived in terms of the corresponding Fisher’s information matrix,
F(6,)). Indeed, if

Fyo (0,

_ 0,))
F,%) = (F(M(Q»)\)

then thed-reference prior isrg (6, \) = w(\| 0) 7(6), where

(

?ﬁi(?ﬁig)’ and S(6,)=F'(6,)), (50)

T(A10) o< Fi12(0,)), A €A (51)
If 7(\]0) is proper,

m(0) o exp{/Aﬂ'(/\|9) 10g[Sy, 7 (0, )] dA}, 6 € ®. (52)



92 José-Miguel Bernardo

If w(A|0) is not proper, integrations are performed on an approximating sequence
{A;} to obtain asequender;(\ | 0) m;(0) }, (wherer; (X | 8) is the proper renormali-
zation ofrr (A | §) to A;) and théd-reference priotry (6, \) is defined as its appropriate
limit. Moreover, if (i) both F\/*(6, A) andS,,"/* (6, A) factorize so that

Sy 2(0,0) o f4(8) go(N),  Fa’(8,0) o< f1(8) ga(N), (53)

and(ii) the parameterg and\ arevariation independentso thatA does not depend
on 6, then thef-reference prior is simplyry (0, \) = f4(0) g,()), even if the

conditional reference prior(A|60) = m(\) x gx(N\) (which will not depend on
0) is actually improper.

Example 3. (Inference on normal parameters, continu@tp information matrix
which corresponds to a normal modelN u, o) is

Fuo)= (% g2 ) St =F o= (7 10)s 60

2
henceFal (i, o) = V20t = £,(1) g» (o), with g, (o) = o—L; thus the conditio-
nal reference prior of is 7(o | 1) = o~*. Similarly, S};}/Q(M, o) =o', whichis
of the formf, (1) g,.(o), with f, (1) = 1, and thus the marginal reference priog.of
is (1) = 1. Therefore, theu-reference prior isr, (y,0) = 7(o | p) 7(p) = o1,
as already anticipated. Moreover, as one would expect from the facF(hat)
is diagonal and also anticipated, it is similarly found that dheeference prior is
mo(p, o) = o', the same as, (u, o).

Suppose, however, that the quantity of intereshda$ the meany or the
standard deviation, but thestandardizednean¢ = p/o. Fisher's information
matrix in terms of the parametegsando is F(¢,0) = J' F(u,0) J, whereJ =
(O(p, 0)/0(, 0)) is the Jacobian of the inverse transformation; this yields

1 ot 1+1i? Lo

F0.0) = (g1 oty e ) S =('120 27). 69
Thus, S;,,/*(¢,0) o (1 + $¢*) /2 and F;5*(¢,0) o o~ (2 + ¢*)'/%. Hence,
using again the results in Example 13,(¢,0) = (1 + 1¢?)"/26=1. In the
original parametrization, this is, (1, o) = (14 %(u/0)?) /2072, which isvery
different fromn, (1, o) = 7, (11, 0) = 0. The corresponding reference posterior
of pism(d|ar,...,x,) o< (L+ 3¢0%) 2 p(t| ) wheret = (3 ;)/ (3 27)",
a one-dimensional (marginally sufficient) statistic whose sampling distribution,
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p(t|p,0) = p(t] @), only depends op. Thus, the reference prior algorithm is
seen to be consistent under marginalization.

Many parameters The reference algorithm is easily generalized to an arbitrary
number of parameters. If the modepig |wi, ..., wy,), a joint reference prior

77(9m | Gm_l, ey 91) X ... X 77(92 ‘ 01) X 7T(91) (56)

may sequentially be obtained for eamderedparametrizatiof; (w), . .., 0,,(w)}

of interest, and these are invariant under reparametrization of any&{thgs. The
choice of the ordered parametrizati, . . ., 0,,, } precisely describes the particular
prior required, namely that whickequentiallymnaximizes the missing information
about each of thé;’s, conditional on{6;,...,6;,_1},fori=m,m —1,...,1.

Example 14. (Stein’'s paradox)Let D be a random sample fromra-variate
normal distribution with meap, = {p, . .., . } @nd unitary variance matrix. The
reference prior which corresponds to any permutation ofutfgeis uniform, and
this prior leads indeed to appropriate reference posterior distributions for any of the
w;i's, namelyr(p; | D) = N(u; | Z;, 1/+/n). Suppose, however, that the quantity of
interest is§ = Y, 112, the distance ofx to the origin. As showed by Stein in the
1950's, the posterior distribution éfbased on that uniform prior (or in any “flat”
properapproximation) has very undesirable properties; this is due to the fact that a
uniform (or nearly uniform) prior, although “noninformative” with respect to each
of the individualy;’s, is actually highly informative on the sum of their squares,
introducing a severe positive bias (Stein’s paradox). However, the reference prior
which corresponds to a parametrization of the fdmh\y, ..., A\,,—1} produces,
for any choice of the nuisance parametars= \;(u), the reference posterior
(0| D) = 7(0|t) < 671/2x%(nt | m,nd), wheret = 3. 77, and this posterior is
shown to have the appropriate consistency properties.

Far from being specific to Stein’s example, the inappropriate behaviour in
problems with many parameters of specific marginal posterior distributions derived
from multivariate “flat” priors (proper or improper) is indeed very frequent. Hence,
sloppy, uncontrolled use of “flat” priors (rather than the relevant reference priors),
is strongly discouraged.

Limited information Although often used in contexts where no universally agreed
prior knowledge about the quantity of interest is available, the reference algorithm
may be used to specify a prior which incorporates any acceptable prior knowledge;
it suffices to maximize the missing information within the cl@sf priors which

is compatible with such accepted knowledge. Indeed, by progressive incorporation
of further restrictions intgP, the reference prior algorithm becomes a method
of (prior) probability assessmentAs described below, the problem has a fairly
simple analytical solution when those restrictions take the form of known expected
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values. The incorporation of other type of restrictions usually involves numerical
computations.

Example 15. (Univariate restricted reference prior}the probability mechanism

which is assumed to have generated the available data only depends on a univariate
continuous parametére © C R, and the clas® of acceptable priors is a class of
proper priors which satisfies some expected value restrictions, so that

P = {p(a); p(0) >0, /ep(o) o = 1} (57)

under the conditions
/p(@)d@ = 1/ gi(0)p(0)dd = p;,i=1,...,m,
e e

then the (restricted) reference prior is

m

(0| P) x 7(6) exp {ZFI Vi gi(ﬁ)} (58)

wherer(0) is the unrestricted reference prior and this are constants (the
corresponding Lagrange multipliers), to be determined by the restrictions which
defineP. Suppose, for instance, that data are considered to be a random sample
from a location model centred éf and that it is further assumed thalpE= 1
and that Vajg] = o2. The unrestricted reference prior for any regular location
problem may be shown to be uniform. Thus, the restricted reference prior must be
of the formm (6| P) o exp{y10 + 72(0 — po)*}, with [y O (0| P) df = 1 and
Jo (0 — po)? w(0| P)df = o5. Hence,x(f|P) is anormaldistribution with the
specified mean and variance.

5.2. Frequentist Properties

Bayesian methods provide direct solution to the problems typically posed in
statistical inference; indeed, posterior distributions precisely state what can be said
about unknown quantities of interegtzenavailable data and prior knowledge. In
particular, unrestricted reference posterior distributions state what could be said if
no prior knowledge about the quantities of interest were available.

A frequentist analysis of the behaviour of Bayesian procedures under repeated
sampling may, however, be illuminating, for this provides some interesting connec-
tions between frequentist and Bayesian inference. It is found that the frequentist
properties of Bayesian reference procedures are typically excellent, and may be used
to provide a form of calibration for reference posterior probabilities.
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Point Estimation ltis generally accepted that, as the sample size increases, a “good”
estimatoid of @ ought to get the correct value @ventually, that is to beonsistent

Under appropriate regularity conditions, any Bayes estimatoof any function

¢(0) converges in probability tgp(0), so that sequences of Bayes estimators are
typically consistent Indeed, it is known that if there is a consistent sequence of
estimators, then Bayes estimators are consistent. The rate of convergence is often
best for reference Bayes estimators.

Itis also generally accepted that a “good” estimator shoulmeissiblethat
is, not dominatedy any other estimator in the sense that its expected loss under
sampling (conditional t@) cannot be larger for all values than that corresponding
to another estimator. Anproper Bayes estimator is admissible; moreover, as
established by Wald inthe 1950’s, a procedurestbe Bayesian (proper orimproper)
to be admissible. Most published admissibility results refer to quadratic loss
functions, but they often extend to more general loss functions. Reference Bayes
estimators are typically admissible with respect to intrinsic loss functions.

Notice, however, that many other apparently intuitive frequentist ideas on
estimation have been proved to be potentially misleading. For example, given a
sequence of Bernoulli observations with parametgresulting inr positive trials,
thebest unbiase@stimate of* is found to be-(r — 1)/{n(n — 1)}, which yields
6> = 0 whenr = 1; but to estimate the probability of two positive trials as zero,
when one positive trial has been observed, is not at all sensible. In marked contrast,
any Bayes reference estimator provides a reasonable answer. For example, the
intrinsic estimator of)? is simply (6*)2, whereg* is the intrinsic estimator of
described in Section 4.1. In particularyif= 1 andn = 2 the intrinsic estimator of
6% is (as one would naturally expect)*)? = 1/4.

Interval Estimation.As the sample size increases, the frequentist coverage
probability of a posteriog-credible region typically converges tpso that, for
large samplesBayesian credible intervals may (under regularity conditions) be
interpreted aapproximatdrequentist confidence regions: under repeated sampling,
a Bayesiany-credible region o) based on a large sample will cover the true value
of 6 approximatelyl00¢% of times. Detailed results are readily available for
univariate problems. For instance, consider the probability mbed |w),w €
0}, letd = 6(w) be any univariate quantity of interest, andtlet ¢(D) € T be any
sufficient statistic. 19, (t) denotes th@00¢% quantile of the posterior distribution
of 6 which corresponds to some unspecified prior, so that

PO < 0,(t) | ] = / g OO = (59)

then the coverage probability of tigecredible interval8; 6 < 6,(t)},
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PIi6,(£) > 0 |w] /9 o, ) (60)

is such that A6, (t) > 0 |w] = Prig < 6,(t)|t] + O(n~"/?). This asymptotic
approximation is true foall (sufficiently regular) positive priors. However, the
approximation is better, actual(n 1), for a particular class of priors known

as (first-order)robability matchingpriors. Reference priors are typically found

to be probability matching priors, so that they provide this improved asymptotic
agreement. As a matter of fact, the agreement (in regular problems) is typically
quite good even for relatively small samples.

Example 16. (Product of normal meansjonsider the case where independent
random sample§zy, ..., x,} and{yi, ...,y have respectively been taken from
the normal densitied/ (z |wy, 1) andN (y | ws, 1), and suppose that the quantity of
interest is the product of their meas= w,w- (for instance, one may be interested

in inferences about the argeof a rectangular piece of land, given measurements
{z;} and{y; } of its sides). Notice that this is a simplified version of a problem that it

is often encountered in the sciences, where one is interested in the product of several
magnitudes, all of which have been measured with error. Using the procedure
described in Example 13, with the natural approximating sequence induced by
(w1,wq) € [—i,1]?, the¢-reference prior is found to be

g (Wi, wa) (nw% + mwg)_m, (61)

very different from the uniform priot,,; (w1, w2) = 7., (w1, w2) = 1 which should

be used to make objective inferences about eitherw,. The priorr,;(w;, ws) may

be shown to provide approximate agreement between Bayesian credible regions and
frequentist confidence intervals forindeed, this prior (withn = n) was originally
suggested by Stein in the 1980's to obtain such approximate agreement. The same
example was later used by Efron to stress the fact that, even within a fixed probability
model {p(D|w),w € Q}, the prior required to make objective inferences about
some function of the parameteps= ¢(w) must generally depend on the function

o.

The numerical agreement between reference Bayesian credible regions and
frequentist confidence intervals is actually perfect in special circumstances. Indeed,
as Lindley pointed out in the 1950’s, this is the case in those problems of inference
which may be transformed to location-scale problems.

Example 3. (Inference on normal parameters, continued}.D = {xy,... x,}
be a random sample from a normal distributiifz | 1, ). As mentioned before,
the reference posterior of the quantity of intergsts the Student distribution
St(u|Z,s/v/n—1,n — 1). Thus, normalizingu, the posterior distribution of
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t(n) = vV/n—1(T — n)/s, as a function ofu given D, is the standard Student
St(t|0,1,n — 1) with n — 1 degrees of freedom. On the other hand, this function
is recognized to be precisely the conventiarsthtistic, whossampling distribution

is well known toalsobe standard Student with— 1 degrees of freedom. It follows
that, for all sample sizesposteriorreferencecredible intervals for. given the
data will benumerically identicato frequentist confidence intervals based on the
sampling distribution of.

A similar result is obtained in inferences about the variance. Thus, the
referenceposteriordistribution of A = o2 is the Gamma distribution Ga| (n —
1)/2,ns?/2) and, hence, thposteriordistribution ofr = ns?/s?, as a function
of o2 given D, is a (central)y? with n — 1 degrees of freedom. But the function
r is recognized to be a conventional statistic for this problem, wisasepling
distributionis well known toalsobe y? with n — 1 degrees of freedom. It follows
that, for all sample sizesposteriomeferencecredible intervals foe? (or any one-
to-one function ofs?) given the data will benumerically identicalto frequentist
confidence intervals based on the sampling distributian of

6. A Simplified Case Study

To further illustrate the main aspects of Bayesian methods, and to provide a detailed,
worked out example, a simplified version of a problem in engineering is analyzed
below.

To study the reliability of a large production batelrandomly selected items
were put to an expensive, destructive test, yielding= {z1,...,z,} as their
observed lifetimes in hours of continuous use. Context considerations suggested
that the lifetimez; of each item could be assumed to be exponential with hazard
rated, so thatp(z; | 0) = Ex[z; | 0] = 0e~%i, 6 > 0, and that, give, the lifetimes
of then items are independent. Quality engineers were interested in information on
the actual value of the hazard rateand on prediction of the lifetime of similar
items. In particular, they were interested in the compatibility of the observed data
with advertised values of the hazard rate, and on the proportion of items whose
lifetime could be expected to be longer than some required industrial specification.

The statistical analysis of exponential data makes use of the exponential-
gamma distribution E@: | ., 3), obtained as a continuous mixture of exponentials
with a gamma density,

Egz|a,B) = OCé)e’(’)“’G 0|, dg:ﬂ
gwlaf) = | 0|0, 5) d0 = =
wherez > 0, « > 0 andg > 0. This is a monotonically decreasing density with
mode at zero; itx > 1, it has a mean k| «, 3] = /(e — 1). Moreover, tail
probabilities have a simple expression; indeed,

(62)
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Pr[z>t|a,ﬁ]{%}a. (63)

Likelihood function. Under the accepted assumptions on the mechanism which
generated the data(D |0) = []; e %i = gne~’, which only depends op =
>_;zj, the sum of the observations. Thus= (s,n) is asufficientstatistic for
this model. The corresponding MLE estimatof is- n/s and Fisher’s information
function is F(§) = 6-2. Moreover, the sampling distribution efis the Gamma
distributionp(s | ) = Ga(s |n, ).

The actual data consisted of= 25 uncensored observed lifetimes which,
in thousands of hours, yielded a sum= 41.574, hence a meam = 1.663, and a
MLE 6 = 0.601. The standard deviation of the observed lifetimes was6 and
their range wa$0.136, 5.591], showing the large variation (from a few hundred to
a few thousand hours) typically observed in exponential data.

Using the results of Section 3.3, and the form of Fisher’s information function
given above, thasymptotigosterior distribution ob is

p(0] D) =~ N(0|0,0/+/n) =N(0]0.601,0.120).

This provided a first, quick approximation to the possible valueg which, for
instance, could be expected to belong to the intetv@)1 + 1.96 % 0.120, or
(0.366, 0.837), with probability close td).95.

6.1. Objective Bayesian Analysis

The firm was to be audited on behalf of a major client. A report had to be prepared
about the available information on the value of the hazardéa®clusivelybased

on thedocumentediataD, as if this were th@nly information available. Within a
Bayesian framework, this “objective” analysis (objective in the sense of not using
any information beyond that provided by the data under the assumed model) may
be achieved by computing the correspondiefgrenceposterior distribution.

Reference prior and reference posteriof$ie exponential model meets all necessary
regularity conditions. Thus, using the results in Example 12 and the form of Fisher’s
information function mentioned above, theference prior functiorfwhich in this

case is also Jeffreys’ prior) is simpty(#) o« F(6)"/?> = §~'. Hence, using Bayes’
theorem, the reference posteriori | D) o< p(D#) 6~! o 671 =%, the kernel

of a gamma density, so that

m(0| D) =Gaf|n,s), 6>0, (64)
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which has mean [ | D] = n/s (which is also the MLEJ), mode(n — 1)/s, and
standard deviation/n/s = 6/,/n. Thus, the reference posterior of the hazard
rate was found to be (0| D) = Ga&(#|25,41.57) (represented in Figure 5) with
mear).601, mode).577, and standard deviatién120. One-dimensional numerical
integration further yields P < 0.593 | D] = 0.5, P6 < 0.389 | D] = 0.025 and

P16 < 0.859| D] = 0.975; thus, the median 5593, and the interva(0.389, 0.859)

is a95% reference posterior credible region (shaded area in Figure 5). The intrinsic
estimator (see below) was found to 0890 (dashed line in Figure 5).

3.5 (0] D)

g = O N O W

0
0.2 0.4 0.6 0.8 1 1.2 1.4

Figure 5. Reference posterior density of the hazard réateThe
shaded region is 85% credible interval. The dashed line indicates the
position of the intrinsic estimator.

Under the accepted assumptions for the probability mechanism which has
generated the data, the reference posterior distributi6hD) = Ga(¢ | 25,41.57)
containedall that could be said about the value of the hazardéate the exclusive
basis of the observed dafa Figure 5 and the numbers quoted above respectively
provided useful graphical and numerical summaries, but the fact hatD) is the
completeanswer (necessary for further work on prediction or decision making) was
explained to the engineers by their consultant statistician.

Reference posterior predictive distributiohhe reference predictive posterior den-
sity of a future lifetimez is
(x| D) = / 0= Ga(0 | n, 5) df = Eg(0 | n, ) (65)
0

with means/(n — 1). Thus, the posterior predictive density of the lifetime of a
random item produced in similar conditions was found to be

m(x| D) = Eg(x | 25,41.57),
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represented in Figure 6 against the background of a histogram of the observed data.
The mean of this distribution i5.732; hence, given dat®, the expected lifetime

of future similar items is 1.732 thousands of hours. The contract with their client
specified a compensation for any item whose lifetime was smaller than 250 hours.
Since

Pr[;L'<b|D}—/0bEg(x|n,s)—l{sib}n, (66)

the expected proportion of items with lifetime smaller ti2a0 hours is
Prlz < 0.250| D] = 0.139,

the shaded areain Figure 6; thus, conditional on accepted assumptions, the engineers
were advised to expect 14% of items to be non-conforming.

m(z|D)

.6
.5
.4
.3
.2

©O o o o o o

1

x
2 4 6 8 10 12

Figure 6. Reference predictive posterior density of lifetimes (in
thousands of hours). The shaded region represents the probability of
producing non conforming items, with lifetime smaller than 250 hours.
The background is a histogram of the observed data.

Calibration. Considert = t(f) = (s/n)f as a function off, and its inverse
transformatiord = 6(t) = (n/s)t. Sincet = t(0) is a one-to-one transformation of
0, if R, is ag-posterior credible region farthenRy = 0(R;) is ag-posterior credible
region ford. Moreover, changing variables, the refereposteriordistribution of

t = t(0), as a function o conditional ons, is

m(t(0)[n,5) = m(0|n,5)/|0t(0)/06] = Gat |n, n),
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a gamma density which does not dependsorOn the other hand, the sampling
distribution of the sufficient statistig is p(s|n,8) = Gad | n,0); therefore, the
samplingdistribution oft = ¢(s) = (8/n)s, as a function of conditional tod, is

p(t(s) [n,0) = p(s|n,0)/|0t(s)/0s| = Gat[n,n),

which does not contaihand is precisely theamegamma density obtained before.
It follows that, forany sample size, all g-credible reference posterior regions of
the hazard raté@ will also be frequentist confidence regions of level Any ¢-
credible reference posterior region has, given the data, a (rational) degree of belief
of containing the true value @f, the result just obtained may be used to provide an
exact calibration for this degree of belief. Indeed, for &ny 0 and any; € (0, 1),

the limiting proportion of;-credible reference posterior regions which would cover
the true value ofl under repeated sampling is precisely equal.ti was therefore
possible to explain to the engineers that, when reporting that the haza#@l ohte
their production was expected to be witkiin389, 0.859) with probability (rational
degree of belief).95, they could claim this to be@alibratedstatement in the sense
that hypothetical replications of the sammcedureunder controlled conditions,
with samples simulated frorany exponential distribution, would yiel@5% of
regions containing the value from which the sample was simulated.

Estimation. The commercial department could use any location measure of the
reference posterior distribution éfas an intuitive estimatdt of the hazard raté,

but if a particular value has to be chosen with, say, some legal relevance, this would
pose a decision problem for which an appropriate loss fundl(@m&) would have

to be specified. Since no particular decision was envisaged, but the auditing firm
nevertheless required that a particular estimator had to be quoted in the report, the
attractive properties of thatrinsic estimator were invoked to justify its choice. The
intrinsic discrepancyi(6;, ;) between thenodelsEx(x | §;) and EXz | 0;) is

d(6:.6;) = min{5(6; |6), (6, |6)}, (67)

6(0;10;) = (0;/0;) — 1 —log(0,/0;).

As expectedd(6;, 6;) is a symmetric, non-negative concave function, which attains
its minimum value zero if, and only if; = §;. The intrinsic estimator of the hazard
rate is that*(n, s) which minimizes the expected reference posterior loss,

d@|n,s)=n Am d(9,0)Gaf | n, s) do. (68)

To a very good approximatiom(> 1), this is given byd*(n,s) ~ (2n — 1)/2s,
the arithmetic average of the reference posterior mean and the reference posterior
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mode, quite close to the reference posterior median. With the available data, this
approximation yielded* =~ 0.5893, while the exact value, found by numerical
minimization wag)* = 0.5899. It was noticed that, since intrinsic estimation is an
invariant procedure, the intrinsic estimate of any functigfl) of the hazard rate
would simply beg(6*).

Hypothesis Testing A criterion of excellence in this industrial sector described
first-rate production as one with a hazard rate smaller@hgryielding an expected
lifetime larger than 2500 hours. The commercial department was interested in
whether or not the data obtained werempatiblewith the hypothesis that the
actual hazard rate of the firm’s production was that small. A direct answer was
provided by the corresponding reference posterior probability Pr0.4| D] =

00'4 Gad | n,s)dd = 0.033, suggesting that the hazard rate of present production
might possibly be around 0.4, but it is actually unlikely to be that low.

4l 4(6y | D)
5 ) 1
. |
1 i i
Lo T o b
0.25 0.5 0.75 1 1.25 1.5 1.75

Figure 7. Expected reference posterior intrinsic loss for accepting
0y as a proxy for the true value @¢f. The minimum is reached at
the intrinsic estimato®* = 0.590. Values off outside the interval
(0.297,1.170) would be conventionally rejected.

Under pressure to provide a quantitative measure of the compatibility of the
data with theprecisevalued = 6, = 0.4, the statistician produced the expected
intrinsic discrepancyi(6, | n, s) from accepting, as a proxy for the true value of
6 on the basis of datén, s) by evaluating (68) al = 6,. It was recalled that the
expected value od(6, | D) under repeated sampling is exactly equal to one when
6 = 6y, and that a large value @f(f, | D) indicates strong evidence agairst
Moreover, using a frequent language in engineering, the statistician explained that
values ofi(, | D) = d*indicate, ford* = 2.5,5.0 or8.5, alevel of evidence against
6 = 6, comparable to the evidence against a zero mean that would be provided by
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a normal observatiom which was, respectivelg, 3 or 4 standard deviations from
zero. As indicated in Figure 7, values#flarger thanl.170 or smaller thar).297
would be conventionally rejected by 86" normal criterion. The actual value for
6y was found to be/(0.4 | D) = 2.01 (equivalent tal.73 o under normality). Thus,
although there was some evidence suggestingitimlikely to be larger tha.4,

the precise valué = 0.4 could not be definitely rejected on the exclusive basis of

the information provided by the dafa.

6.2. Sensitivity Analysis

Although conscious that this information could not be used in the report prepared
for the client's auditors, the firm’'s management was interested in taping their
engineers’ inside knowledge to gather further information on the actual lifetime
of their products. This was done by exploring the consequences on the analysis of
(i) introducing that information about the process which their engineers considered
“beyond reasonable doubt” and (ii) introducing an “informed best guess” based on
their experience with the product. The results, analyzed below and encapsulated in
Figure 8, provide an analysis of the sensitivity of the final inferencégoichanges

in the prior information.

Limited prior information. When questioned by their consultant statistician, the
production engineers claimed to know from past experience that the average lifetime
E[x] should be about 2250 hours, and that this average could not possibly be
larger than5000 or smaller than650. Since Bz |6] = 6!, those statements
may directly be put in terms of conditions on the prior distributiorf pfndeed,
working in thousands of hours, they implyitE = (2.25)"! = 0.444, and that

6 € ©, = (0.20,1.54). To describe mathematically this knowledgg, the
statistician used the correspondiegtrictedreference prior, that is the prior which
maximizes the missing information abofit(i.e., what it is unknown about its
value) within the class of priors which satisfy those conditions. The reference
prior restricted t@ € ©. and Bf] = y is the solution ofr(8) o« 6~ e, subject

to the restriction® € O, andf@C 07 (6| Ky)df = p. With the available data, this

was numerically found to be (0| K1) o 6~1e 2%8% 9 ¢ ©.. Bayes' theorem

was then used to obtain the corresponding posterior distributiéth D, K;)
p(D|0) (0| Ky) o 0% 4399 9 ¢ O, a gamma density Ga|25,43.69)
renormalized t@ € ©., whichis represented by a thin line in Figure 8. Comparison
with the unrestricted reference posterior, described by a solid line, suggests that,
compared with the information provided by the data, the additional knowl&dge

is relatively unimportant.

Detailed prior information.When further questioned by their consultant statistician,
the production engineers guessed that the average lifetime is “surely” not larger
than 3000 hours; when requested to be more precise they identified “surely” with
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Figure 8. Probability densities of the hazard rafie Subjective prior
(dotted line), subjective posterior (dashed line), partially informative
reference posterior (thin line) and conventional reference posterior
(solid line).

a 0.95 subjective degree of belief. Working in thousands of hours, this implies
that Pf9 > 371] = 0.95. Together with their earlier claim on the expected lifetime,
implying E'[f] = 0.444, this was sufficient to completely specify a (subjective) prior
distributionp(é | K>). To obtain a tractable form for such a prior, the statistician
used a simple numerical routine to fit a restricted gamma distribution to those two
statements, and found this to péd | K») « Ga(d|a, ), with o = 38.3 and

[ = 86.3. Moreover, the statistician derived the correspongingr predictive
distributionp(z | K3) = Eg(z | o, 3) and found that the elicited prigr(§) would
imply, for instance, that Rt > 1| K,] = 0.64, Pz > 3| Ky} = 0.27, and

Priz > 10| K3] = 0.01, so that the implied proportion of items with a lifetime
over1, 3, and10 thousands of hours were, respectivéi%, 27%, and1%. The
engineers declared that those numbers agreed with their experience and, hence,
the statistician proceeded to accepf) = Ga(f | 38.3,86.3), represented with a
dotted line in Figure 8, as a reasonable description of their prior beliefs. Using
Bayes’ theorem, the posterior density which corresponds to (& |Ga3) prior
isp(8| D) = p(f|n,s) o e 5921 e M o gotn-le=(5+)0 the kernel of a
gamma density, so that

p(0]| D) =Gal|a+n,B+s), 60>0. (69)

Thus, the posterior distribution, combining the engineers’ prior knowlege
and dataD was found to be (6 | D, K,) = Ga(d|63.3,127.8), represented with
a dashed line in Figure 8. It is easily appreciated from Figure 8 thaRihe
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observations contained in the data analyzed do not represent a dramatic increase
in information over that initially claimed by the production engineers, although the
posterior distribution is indeed more concentrated than the prior, and it is displaced
towards the values df suggested by the data. The firm's management would not
be able to use this combined information in their auditing but, if they trusted their
production engineers, they were advised to p@d D, K>) to further understand

their production process, or to design policies intended to improve its performance.

7. Discussion and Further Issues

In writing a broad article it is always hard to decide what to leave out. This article
focused on the basic concepts of the Bayesian paradigm; methodological topics
which have unwillingly been omitted include design of experiments, sample surveys,
linear models and sequential methods. The interested reader is referred to the
bibliography for further information. This final section briefly reviews the main
arguments for the Bayesian approach, and includes pointers to further issues which
have not been discussed in more detail due to space limitations.

7.1. Coherence

By using probability distributions to characteriakh uncertainties in the problem,

the Bayesian paradigm reduces statistical inference to applied probability, thereby
ensuring the coherence of the proposed solutions. There is ho need to investigate, on
a case by case basis, whether or not the solution to a particular problem is logically
correct: a Bayesian result is onlynaathematical consequence of explicitly stated
assumptionand hence, unless a logical mistake has been committed inits derivation,
it cannot be formally wrong. In marked contrast, conventional statistical methods
are plagued with counterexamples. These include, among many others, negative
estimators of positive quantitieg.confidence regions;(< 1) which consist of the
whole parameter space, empty sets of “appropriate” solutions, and incompatible
answers from alternative methodologies simultaneously supported by the theory.

The Bayesian approach does require, however, the specification of a (prior)
probability distribution over the parameter space. The sentence “a prior distribution
does not exist for this problem” is often stated to justify the use of non-Bayesian
methods. However, the general representation theprewes the existenad such
a distribution whenever the observations are assumed to be exchangeable (and, if
they are assumed to be a random sample thduortiori, they are assumed to be
exchangeable). To ignore this fact, and to proceed as if a prior distribution did not
exist, just because it is not easy to specify, is mathematically untenable.
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7.2. Objectivity

It is generally accepted that any statistical analysis is subjective, in the sense that
it is always conditional on accepted assumptions (on the structure of the data, on

the probability model, and on the outcome space) and those assumptions, although
possibly well founded, are definitegubjectivechoices. Itis, therefore, mandatory

to make all assumptions very explicit.

Users of conventional statistical methods rarely dispute the mathematical
foundations of the Bayesian approach, but claim to be able to produce “objective”
answers in contrast to the possibly subjective elements involved in the choice of the
prior distribution.

Bayesian methods do indeed require the choice of a prior distribution, and
critics of the Bayesian approach systematically point out that in many important
situations, including scientific reporting and public decision making, the results
must exclusively depend on documented data which might be subject to independent
scrutiny. This is of course true, but those critics choose to ignore the fact that this
particular case is covered within the Bayesian approach by the usiergnceprior
distributions which (i) are mathematically derived from the accepted probability
model (and, hence, they are “objective” insofar as the choice of that model might be
objective) and, (ii) by construction, they produce posterior probability distributions
which, given the accepted probability modmi]ycontain the information about their
values which data may provide araptionally, any further contextual information
over which there might be universal agreement.

An issue related to objectivity is that of the operational meaning of reference
posterior probabilities; it is found that the analysis of their behaviour under repeated
sampling provides a suggestive form of calibration. Indeed,

Pii6 € R| D] :/w(H\D)dO,
R

the reference posterior probability thae R, is botha measure of the conditional
uncertainty (given the assumed model and the observedijathout the event that

the unknown value d belongs takR C ©, and the limiting proportion of the regions
which would coverf under repeated sampling conditional on data “sufficiently
similar” to D. Under broad conditions (to guarantee regular asymptotic behaviour),
all large data sets from the same model are “sufficiently similar” among themselves
in this sense and hence, given those conditions, reference posterior credible regions
areapproximateunconditional frequentist confidence regions.

The conditions for this approximatenconditionalequivalence to hold ex-
clude, however, important special cases, like those involving “extreme” or “relevant”
observations. In very special situations, when probability models may be trans-
formed to location-scale models, there is an exact unconditional equivalence; in
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those cases reference posterior credible intervals are, for any sample size, exact
unconditional frequentist confidence intervals.

7.3. Applicability

In sharp contrast to most conventional statistical methods, which may only be exactly
applied to a handful of relatively simple stylized situations, Bayesian methods
are (in theory) totally general. Indeed, for a given probability model and prior
distribution over its parameters, the derivation of posterior distributions is a well-
defined mathematical exercise. In particular, Bayesian methods do not require
any particular regularity conditions on the probability model, do not depend on
the existence of sufficient statistics of finite dimension, do not rely on asymptotic
relations, and do not require the derivation of any sampling distribution, nor (a
fortiori) the existence of a “pivotal” statistic whose sampling distribution is indepen-
dent of the parameters.

However, when used in complex models with many parameters, Bayesian
methods often require the computation of multidimensional definite integrals and,
for a long time in the past, this requirement effectively placed practical limits on
the complexity of the problems which could be handled. This has dramatically
changed in recent years with the general availability of large computing power,
and the parallel development of simulation-based numerical integration strategies
like importance samplingr Markov chain Monte Carl§MCMC). These methods
provide a structure within which many complex models may be analyzed using
generic software. MCMC is numerical integration using Markov chains. Monte
Carlo integration proceeds by drawing samples from the required distributions, and
computing sample averages to approximate expectations. MCMC methods draw
the required samples by running appropriately defined Markov chains for a long
time; specific methods to construct those chains include the Gibbs sampler and the
Metropolis algorithm, originated in the 1950’s in the literature of statistical physics.
The development of of improved algorithms and appropriate diagnostic tools to
establish their convergence, remains a very active research area.

Actual scientific research often requires the use of models that are far too
complex for conventional statistical methods. This article concludes with a glimpse
at some of them.

Hierarchical structures Consider a situation where a possibly variable numbef
observations{z;;,j =1,...,n;},i=1,...,m, are made on each of internally
homogeneous subsets of some population. For instance, a firm might have chosen
m production lines for inspection, and items might have been randomly selected
among those made by production linso thatz;; is the result of the measurements
made on iteny of production linei. As another example, animals of some species
are captured to study their metabolism, and a blood sample taken before releasing
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them again; the procedure is repeated in the same habitat for some time, so that some
of the animals are recaptured several times, @ands the result of the analysis of
thej-th blood sample taken from animallt those situations, it is often appropriate

to assume that the; observations on subpopulatierare exchangeable, so that

they may be treated as a random sample from some mgat¢ld;) indexed by a
parameteé; which depends on the subpopulation observed, and that the parameters
which label the subpopulations may also be assumed to be exchangeable, so that
{64,...,0,,} may be treated as a random sample from some distributi®hw).

Thus, the completéierarchical model which is assumed to have generated the
observed dat® = {x1, ..., Zmn,, } is Of the form

m m

polw)= [ [Hp«c o0 [ 1lve 0] [ T]eo] - o

Hence, under the Bayesian paradigm, a family of conventional probability models,
sayp(x | 0), 0 € ©, and an appropriate “structural” prip(f | w), may be naturally
combined to produce a versatile, complex mdgdeéD | w), w € 2} whose analysis

is often well beyond the scope of conventional statistics. The Bayesian solution only
requires the specification a prior distributipfw), the use Bayes’ theorem to obtain
the corresponding posterig{w | D) « p(D |w)p(w), and the performance of
the appropriate probability transformations to derive the posterior distributions of
the quantities of interest (which may well be functions.gffunctions of thed;’s,

or functions of future observations). As in any other Bayesian analysis, the prior
distributionp(w) has to describe available knowledge ahouif none is available,

or if an objective analysis is required, an appropriate reference prior function

may be used.

Contextual information.In many problems of statistical inference, objective and
universally agreed contextual information is available on the parameter values. This
information is usually very difficult to handle within the framework of conventional
statistics, but it is easily incorporated into a Bayesian analysis by simply restricting
the prior distribution to the clas§P} of priors which are compatible with such
information. As an example, consider the frequent problem in archaeology of
trying to establish the occupation peri@d, 3] of a site by some past culture on
the basis of the radiocarbon dating of organic samples taken from the excavation.
Radiocarbon dating is not precise, so that each datjng typically taken to be

a normal observation from a distributia¥i(z | (6;), 0;), whered; is the actual,
unknown calendar date of the samplgg) is an internationally agreed calibration
curve, andr; is a known standard error quoted by the laboratory. The actual calendar
dates{d, ..., 6,,} of the samples are typically assumed to be uniformly distributed
within the occupation periofdv, 3]; however, stratigraphic evidence indicates some
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partial orderings for, if samplé was found on top of samplg in undisturbed
layers, ther®; > 6;. Thus, ifC denotes the class of values{fi, . .., 6,,} which

satisfy those known restrictions, data may be assumed to have been generated by
the hierarchical model

m

p(xl,...,xma,ﬁ):/c{HN(xﬂu(Hi),U%)} (B—a)"dby .. db,. (T1)

Often, contextual information further indicates an absolute lower beyndnd

an absolute upper boung) for the period investigated, so that < o < § <

By. If no further documented information is available, the corresponding restricted
reference prior for the quantities of intere&ty, 5} should be used; this is found

to ber(a, 3) o (B — a)~! whenevery < a < 3 < 3, and zero otherwise. The
corresponding reference posterior

7-‘—(C'éaﬁ|l'1a' axm) Ocp(wlv"‘al'm|Oé»6)77(aaﬂ)

summarizes all available information on the occupation period.

Covariate information Over the last 30 years, both linear and non-linear regression
models have been analyzed from a Bayesian point of view at increasing levels of
sophistication. These studies range from the elementary objective Bayesian analysis
of simple linear regression structures (which parallel their frequentist counterparts)
to the sophisticated analysis of time series involved in dynamic forecasting which
often make use of complex hierarchical structures. The field is far too large to be
reviewed in this article, but the bibliography contains some relevant pointers.

Model Criticism. It has been stressed thay statistical analysis is conditional

on the accepted assumptions of the probability model which is presumed to have
generated the data. Recent years have shown a huge effort into the development
of Bayesian procedures fonodel criticismandmodel choice Most of these are
sophisticated elaborations of the procedures described in Section 4.2 under the
heading of hypothesis testing. Again, this is too large a topic to be reviewed here,
but some key references are included in the bibliography.
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